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1. Introduction

One of the most popular techniques to obtain D = 4 chiral string compactifications is the

construction of type IIA orientifolds with D6-branes intersecting at angles [1, 2] (see [3] for

reviews on this subject). The building blocks in these constructions are BPS D6-branes,

wrapping 3-cycles corresponding to special Lagrangian submanifolds in a CY3. In this way
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one can obtain semirealistic three generation models with a low-energy spectrum quite close

to that of the MSSM. Remarkably simple and successful are the intersecting brane models

based on the T6/Z2 × Z2 orientifold [4]. In particular, it was shown in [5] that a simple

local set of D6-branes leading to a MSSM-like spectrum [6, 7] can be simply embedded into

this orientifold background.

Here we would like to point out that, while the above type IIA picture is rather

compelling, it is in fact far from complete. In particular, we will show that there are other

BPS D-branes in these backgrounds, and whose model building applications have been

ignored up to now. These are nothing but BPS D8-branes, wrapping coisotropic 5-cycles

in the CY3 and with a non-trivial magnetic flux in their internal worldvolume.

Coisotropic A-branes were first introduced by Kapustin and Orlov [8] in the context

of topological string theory, and seem to be required for a complete formulation of the

Homological Mirror Symmetry conjecture. Here we will be interested in the particular

case of D8’s wrapping coisotropic 5-cycles in a CY3. That such Dp-brane exists may look

surprising at first sight, since all 5-cycles in a generic CY3 are homologically trivial and

one would not expect a stable object constructed out of them. However, as we will discuss

in detail, coisotropic D8-branes are not only stable but also BPS, and this is because the

magnetic flux on the D8-brane induces a non-trivial D6-brane charge on its worldvolume.

Coisotropic D8-branes have several interesting properties. Chirality arises in D8-D8

or D8-D6 systems due to a mixture of intersecting/magnetization chirality mechanisms.

Because of this, Yukawa couplings among chiral fields are generated by a combination of

wavefunction overlapping and open string world-sheet instantons. In addition, the BPS

conditions on the coisotropic branes give rise to constraints which in the effective field

theory may be interpreted as F and D-term cancellation. We will explicitly compute such

F and D-terms in the particular case of the T6/Z2 × Z2 orientifold, where most of our

discussion will be based. Unlike in the case of D6-branes at angles we will see that the

F-term generated for D8-branes is non-trivial, and that it involves the untwisted Kähler

moduli of the compactification.

From the model-building point of view these D8-branes also present a number of advan-

tages over analogous models with only D6-branes at angles. In particular, the D6-charge

carried by coisotropic D8-branes is not of the form (3-cycle) = (1-cycle) × (1-cycle) × (1-

cycle), but rather a sum of two of these. This adds flexibility to the model-building and

allows for possibilities not available with standard D6-branes, as we will show by means

of explicit examples. Finally, the presence of D8-brane generates a superpotential for the

Kähler moduli and some open string moduli of our compactification, without the need of

closed string NSNS or RR fluxes. Notice that the constructions here discussed are CFT’s,

unlike the compactifications in which closed string fluxes are added.

The structure of the paper is as follows. In the next section the notion of coisotropic

Dp-branes is reviewed and we argue why there should exist coisotropic D8-branes in generic

CY3’s. In section 3 we discuss in detail the cases where our compact manifold is T6 and its

Z2 × Z2 orbifold, constructing explicit examples of BPS D8-branes on both backgrounds.

We analyze the constraints coming from the BPS conditions of such D-branes and derive

the RR tadpole cancellation conditions. In section 4 we discuss how chiral fermions ap-
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pear at the overlap of D8-branes with some other D8 or D6-branes, and show that their

multiplicity can be computed as the intersection number of two 3-cycles. Some aspects

of the N = 1 effective field theory of coisotropic D8-branes are examined in section 5,

including a discussion on the gauge kinetic function, F- and D-terms, massive U(1)’s and

Yukawa couplings. Section 6 illustrates possible model-building applications of coisotropic

D8-branes. In particular we present two 3-generation MSSM-like models based on both

coisotropic D8-branes and intersecting D6-branes. Finally, in section 7 we analyze the

T-duals of the present constructions, and in particular the mirror type I vacua where

coisotropic D8-branes become tilted D5-branes or D9-branes with off-diagonal magnetic

fluxes. Some final comments are left for section 8, whereas in appendix A we briefly review

the formal definition of coisotropic branes.

2. Coisotropic D8-branes

Let us consider type IIA string theory compactified on a Calabi-Yau three-fold M6. If

we are interested in obtaining a D = 4 semi-realistic effective theory, we need to embed

the Standard Model gauge group and matter content in our construction. This cannot be

achieved by just considering closed strings [9], but we need to include space-filling D-branes

in this setup. If, in addition, we aim to construct an N = 1 effective field theory, we need

to consider BPS, space-filling D-branes.

In principle, type IIA theory contains three different kinds of D-branes which may be

both space-filling and BPS: D4, D6 and D8-branes. However, if our compactification man-

ifold M6 has proper SU(3) holonomy, one would never think of obtaining a BPS D-brane

out of a space-filling D4-brane. The reason is that for such manifolds b1 = 0, and then our

D4-brane (which is wrapping a 1-cycle of M6) would couple to a RR-potential C5 with-

out zero modes. This implies that the Chern-Simons action for a space-filling D4-brane

vanishes, and so D4-branes wrapped on 1-cycles cannot carry any central charge. In prac-

tice, this is summarized by stating that D4-branes wrap 1-cycles which are ‘homologically

trivial’.1

The situation is quite different for D6-branes wrapping 3-cycles ofM6. Here, because

b3(M6) 6= 0, the Calabi-Yau background gives rise to a plethora of central charges, which

are classified by the elements of H3(M6,R). The BPS conditions for such D6-brane can

be expressed in terms of the holomorphic and Kähler forms Ω and J [10], and read

Ω =

√
|G+F|√
|G|

dvol3

F + iJ = 0
(2.1)

where the background forms Ω, J and the metric G are pull-backed to the 3-cycle Π3

wrapped by the D6-brane. In the language of special holonomy manifolds, these two

conditions mean that Π3 is a special Lagrangian submanifold of M6, with a flat bundle

F = 2πα′F +B. Finally, from the point of view of the D=4 gauge theory arising from the

1Such terminology is somewhat misleading, because a D4-brane could still be wrapping a torsional 1-cycle

of M6.
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D6-brane, these BPS conditions can be rephrased as D-flatness and F-flatness equations.

More precisely

D− flatness Im Ω = 0

F− flatness F + iJ = 0
(2.2)

One would naively say that D6-branes wrapping special Lagrangian 3-cycles exhaust

all the possibilities of space-filling BPS D-branes. Indeed, we have already seen that we

cannot construct them from D4-branes. A similar argument seems to hold for D8-branes,

which also wrap 5-cycles Π5 ⊂ M6 trivial in homology. However, this is not quite true

because, unlike the D4-brane, a D8-brane is allowed to carry a non-trivial gauge bundle F

without breaking Poincaré invariance. This gauge bundle modifies the Chern-Simons action

of the D8-brane and, in particular, induces a D6-brane charge on its worldvolume [11] (see

also [12]). If such D6-brane charge corresponds to a non-trivial element of H 3(M6,R),

then we can have a non-trivial Chern-Simons action via the coupling

∫

M4×Π5

F ∧ C7 (2.3)

and thus our D8-brane will have a non-trivial central charge, again related to H 3(M6,R).

Hence, we should be able to find a BPS stable object.

Given our past experience with type IIA orientifold vacua it may seem quite striking

that, besides D6-branes wrapping special Lagrangians, there could also exist stable D8-

branes which are mutually BPS with the former. However, this possibility has already

arisen in the quite different context of topological string theory. Indeed, as described

in [13] a D-brane wrapping a special Lagrangian (or rather just Lagrangian) n-cycle of

a Calabi-Yau n-fold is the prototypical example of D-brane in the topological A-model,

usually dubbed as A-brane. Naively, these are the only boundary conditions which are

allowed for open strings in the A-model but, as shown by Kapustin and Orlov in [8], this is

in fact not true. An A-brane does not necessarily wrap a Lagrangian n-cycle, but can also

wrap a coisotropic (n+ 2k)-cycle, k = 1, . . . , [n/2], if the appropriate worldvolume bundle

F is introduced.2 As emphasized by the authors, this fact proves essential in order to

understand the full spectrum of D-branes in our theory and, in more theoretical grounds,

to correctly formulate the Homological Mirror Symmetry conjecture.3

All this suggests that our previous BPS D8-brane should in fact correspond to a

coisotropic D8-brane, in the sense of Kapustin and Orlov. Let us further motivate this

by analyzing the supersymmetry conditions for coisotropic D-branes, which can be ob-

tained either by a worldsheet [8, 15] or a worldvolume approach [16]. In the case of a

D8-brane on a Calabi-Yau three-fold they can be written as

F ∧ Ω =

√
|G+F|√
|G|

dvol5

(F + iJ)2 = 0
(2.4)

2See the appendix A for a mathematical definition of coisotropic submanifold.
3See [14] for a recent perspective of this problem in terms of pure spinors.
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where Ω, J and G are now pull-backed over the 5-cycle Π5. Notice that, when written in

this way, the BPS conditions for D6 and D8-branes look extremely similar.

The D8-brane BPS equations take a particularly suggestive form when the pull-back

of B vanishes identically, and then F = 2πα′F defines a homology class of 3-cycles [ΠF
3 ] via

Poincaré duality in Π5. This homology class is nothing but the D6-brane charge induced

by the Chern-Simons coupling (2.3), which can now be written as

µ8

∫

M4×Π5

2πα′F ∧ C7 = µ6

∫

M4×ΠF3

C7 (2.5)

where µp = (2π)−pα′−
p+1

2 , and ΠF
3 is any representative of [ΠF

3 ] (the Poincaré dual of

[F/2π]). Because [ΠF
3 ] is the central charge carried by our D8-brane, it should match the

D8-brane tension in the BPS limit. This is indeed the case, since by integrating the first

equation in (2.4) we obtain

TD8 = µ8

∫

M4×Π5

2πα′F ∧ Ω = µ6

∫

M4×ΠF3

Ω (2.6)

and so the whole tension of the D8-brane equals that of a D6-brane wrapping a special

Lagrangian in [ΠF
3 ], matching the r.h.s. of eq. (2.5).

Regarding the second supersymmetry condition, it implies that F ∧ J = 0, and hence

that ΠF
3 cannot contain any holomorphic non-vanishing 2-cycle. This is automatic for

Lagrangian 3-cycles, which supports the idea that ΠF
3 could be seen as a special Lagrangian

3-cycle in Π5. In addition, (2.4) implies that F 2 = J2 on Π5, and this suggests that the

D8-brane charge and the induced D4-brane charge of a coisotropic D8-brane, measured as

µ8

∫

M4×Π5

C9 and µ8

∫

M4×Π5

F2 ∧ C5 (2.7)

need to be equal in magnitude.

Finally, we can again rewrite our BPS conditions in terms of D = 4 D-flatness and

F-flatness conditions, namely [15, 17]

D− flatness Im (F ∧ Ω) = 0

F− flatness (F + iJ)2 = 0
(2.8)

While the D-flatness condition of an A-brane is exact at all orders in α′, in general we

would expect to receive α′ corrections to the F-flatness condition. This is indeed the case

for special Lagrangian D6-branes, where the corrections arise from open string world-sheet

instantons [18]. Although these corrections are less understood in the case of coisotropic

A-branes, a proposal in terms of generalized Floer homology has been given in [19].

To summarize, we have argued that D6-branes are not the only space-filling BPS

objects in type IIA Calabi-Yau compactifications, and that BPS D8-branes can also exist

when endowed with the appropriate worldvolume flux F . We have identified such D8-

branes as coisotropic A-branes, and have used their supersymmetry conditions to further

motivate our initial intuition. Even in the coisotropic D-brane literature, the fact that
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b5 = 0 in most Calabi-Yau manifolds has led to believe that stable A-branes of this kind

do not exist. However, as our previous discussion shows, the fact that Π5 is homologically

trivial should not be an obstruction to construct a BPS object. This can still be achieved

if the D-brane charge induced by F is non-trivial in the homology of M6. In the next

section, we will give further evidence of this general picture, by explicitly constructing

BPS D8-branes in Calabi-Yau manifolds with proper SU(3) holonomy.

3. Coisotropic D8-branes in type IIA orientifolds

In this section we provide explicit examples of coisotropic D8-branes. This will not only

illustrate the discussion above, but also prepare the ground to build N = 1 vacua based

on D8-branes. We will consider two different backgrounds, which are T6 and T6/Z2 ×Z2.

Eventually, we will also need to cancel the D8-brane charge and tension without breaking

supersymmetry. This can be achieved by introducing O6-planes in our compactification,

that is by applying the usual type IIA orientifold projection on the above backgrounds.

3.1 D8-branes on T6

There are not many examples of coisotropic D-branes in the literature. Most of the con-

structions are based on compactifications on T4 [8, 20] and K3 [21]. Because these are

4-dimensional manifolds, the coisotropic D-brane wraps the whole manifold and hence a

non-trivial 4-cycle. The situation is more involved for a D8-brane on a Calabi-Yau three-

fold, because in general all the 5-cycles on M6 will be trivial. Two exceptions are T6 and

T2×K3, where coisotropic D8-branes are known to exist. Again, the known examples are

very few, so one of our goals will be to classify the set of coisotropic D8-branes in these

backgrounds. We will now proceed to analyze the case of T6, while T2 × K3 will arise

later on, when considering D8-branes on T6/Z2 × Z2.

Let us then consider type IIA theory compactified on a toroidal background of the

form (T2)1 × (T2)2 × (T2)3, where each two-torus has a rectangular shape. This family of

manifolds is parameterized by six compactification radii, which can be arranged as three

Kähler and three complex structure moduli. The complex structure moduli iτj are pure

imaginary quantities, and they enter into the holomorphic 3-form as

Ω = (4π2α′)3/2
∏

j

(
Re Tj
τj

)1/2

dz1 ∧ dz2 ∧ dz3 (3.1)

dzj = dxj + iτjdy
j (3.2)

where xj ∼ xj + 1 and yj ∼ yj + 1 are periodic coordinates, and Re Tj is the area of the jth

T2, in units of 4π2α′. This Kähler modulus is complexified by including the background

B-field on (T2)j , so that the combination 4π2α′ Tj = Aj + iBj enters the complexified

Kähler form Jc as4

Jc = B + iJ = 4π2α′
3∑

j=1

Tj
2τ j

dzj ∧ dz̄j = i 4π2α′
3∑

j=1

Tj dy
j ∧ dxj. (3.3)

4In our conventions
R
T6 dx

1 ∧ dx2 ∧ dx3 ∧ dy1 ∧ dy2 ∧ dy3 = 1, so that J3 measures the volume of T6.
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Figure 1: Coisotropic D8-brane on T6.

Of course, this is just a subspace of the whole T6 moduli space but, once the Z2 ×Z2 and

orientifold projection are implemented, any other T6 modulus will be projected out. We

will hence restrict ourselves to the above setup.

Any 5-cycle of our compactification is of the form Π5 = T5 = S1×T4, so our D8-brane

will be wrapping two complex dimensions and a 1-cycle in the third complex dimension.

We will denote such 5-cycle as

Π5 = (ni,mi)i × (T2)j × (T2)k, i 6= j 6= k 6= i (3.4)

where ni,mi ∈ Z are the D8-brane wrapping numbers along the directions xi and yi,

respectively, and {ijk} are in cyclic permutation of {123}. We now construct a coisotropic

D8-brane by introducing a non-trivial gauge bundle F = dA on the four-torus (T2)j×(T2)k,

such that the supersymmetry conditions (2.4) are satisfied (see figure 1). For instance, let

us a consider a single D8-brane such that

Π5 = (1, 0)1 × (T2)2 × (T2)3

F/2π = dx2 ∧ dx3 − dy2 ∧ dy3 (3.5)

A simple computation gives

F 2 = 4π2 dx2 ∧ dy2 ∧ dx3 ∧ dy3

Jc ∧ F = 0

J2
c = −(4π2α′)2 T2T3 dx

2 ∧ dy2 ∧ dx3 ∧ dy3

(3.6)

where all powers of Jc have been pull-backed to Π5. The second supersymmetry condition

in (2.4) then reads

(F + iJ)2 = (2πα′F + Jc)
2 = 0 ⇐⇒ T2T3 = 1 (3.7)

On the other hand we have that

F ∧ Ω = (4π2α′)5/2
∏

j

(
ReTj
τj

)1/2

(1 + τ2τ3)
dvolΠ5√

G
(3.8)
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where again Ω and the metric G are pull-backed to Π5. This quantity needs to be propor-

tional to the D8-brane DBI action, whose square is given by

det (G+ F) = (4π2α′)5 ReT1

τ1

[
|T2T3 − 1|2 +

ReT2ReT3

τ2τ3
(1 + τ2τ3)2

]

= (4π2α′)5
∏

j

Re Tj
τj

(1 + τ2τ3)2 (3.9)

where in the second line we have made use of (3.7). Thus, by taking the square root

of (3.9) we recover the first supersymmetry condition in (2.4) for any values of τ1, τ2 and

τ3. Alternatively, one can see that (3.8) is always a real quantity, and hence the D-flatness

condition in (2.8) is trivial.

How can we interpret these results? The fact that supersymmetry restricts the Kähler

moduli is not surprising. As explained above, coisotropic D-branes are BPS because of their

non-trivial worldvolume flux F . If we take our internal manifold to the decompactification

limit, F will be extremely diluted and we will approach the limit F = 0, where the D-

brane is not BPS.5 Hence the supersymmetry conditions of a coisotropic D-brane should

constrain the Kähler moduli of the compactification. As will be discussed in section 5, this

can be understood in terms of a D-brane generated superpotential.

Notice that our coisotropic D8-brane (3.5) factorizes as a product of a 1-cycle on T2

and a 4-dimensional coisotropic D-brane on T4:

Π4 = (T2)2 × (T2)3

F/2π = dx2 ∧ dx3 − dy2 ∧ dy3 (3.10)

Actually, such example of T4 coisotropic D-brane was already given in [8], and analyzed

in great detail in [20]. There is also a K3 analogue of (3.10), dubbed in [21] as canonical

coisotropic D-brane. An interesting fact is that the D-brane charge induced by F , given

by its Poincaré dual on T4, is

[ΠF
2 ] = [(1, 0)2 × (1, 0)3] + [(0, 1)2 × (0,−1)3] (3.11)

This is not the homology class of any factorizable 2-cycle (n2,m2) × (n3,m3) considered

in the intersecting D-brane framework, but rather a sum of two of them. These homology

classes which are not factorizable as a product of 1-cycles arise in intersecting D-brane

models when we consider two D-branes that have been through a recombination process [22,

23]. However, such recombined D-branes are not exact boundary states of the theory and

hence it is much harder to analyze their physics (or even to prove their existence) than in

the usual factorizable case. On the other hand, the coisotropic D-brane will naturally carry

these non-factorizable charges, while it can still be described as an exact CFT boundary

state.

5More precisely, this statement is only true for proper SU(3) holonomy manifolds like T6/Z2 ×Z2. This

is not the case of T6, where we have a extended bulk supersymmetry and a D8-brane on (3.4) with F = 0 is

always BPS. The correct statement is then that such D8-brane does not preserve the same supersymmetry

as a D6-brane at angles.
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In fact, all these observations made for the example (3.5) hold in general. First, any

coisotropic D8-brane on T6 can be seen as a product of a 1-cycle and a coisotropic D-brane

on T4. Second, the worldvolume flux F on this T4 induces a D6-brane charge of the form

[ΠF
3 ] = [(ni,mi)i]⊗ [Πjk

2 ] (3.12)

where Πjk
2 is a Lagrangian, non-factorizable 2-cycle on (T2)j × (T2)k. In fact, any non-

factorizable 2-cycle can be decomposed as a sum of two factorizable 2-cycles [24], so we

finally have that

[ΠF
3 ] = [(ni,mi)i]⊗ [Πα

2 + Πβ
2 ]

= [(ni,mi)i]⊗ [(njα,m
j
α)j(n

k
α,m

k
α)k + (njβ,m

j
β)j(n

k
β,m

k
β)k]

(3.13)

where the intersection number IT4

αβ = −(njαm
j
β − njβm

j
α)(nkαm

k
β − nkβm

k
α) is nothing but∫

(T2)j×(T2)k
F 2/4π2, and so it cannot vanish. Finally, such coisotropic D8-brane is made

up of a flat submanifold and a constant worldvolume flux, so it can be described by an

exact boundary state.

An advantage of this intuitive picture is that it helps producing some new examples

of coisotropic D8-branes. Indeed, we just need to choose the ten wrapping numbers above

such that, for some choice of complex structure τi, the two factorizable 3-cycles in (3.13)

are mutually supersymmetric, or

Arg
(∫

(ni,mi) dz
i
)

= θ1

Arg
(∫

Πα2
dzj ∧ dzk

)
= Arg

(∫
Πβ2
dzj ∧ dzk

)
= θ2

θ1 + θ2 = 0 mod 2π (3.14)

where again {ijk} is a cyclic permutation of {123}. By taking F/2π as the Poincaré dual

of (3.13) in Π5 we would get a coisotropic D8-brane satisfying the D-flatness condition

in (2.8), and by imposing

Tj · Tk = IT4

αβ (3.15)

we will also satisfy the F-flatness condition.

On the other hand, the decomposition of a non-factorizable 2-cycle is not unique, and so

the wrapping numbers in (3.13) are not all independent. In addition, the conditions (3.14)

are stronger than the D-flatness condition, and one can find examples of BPS D8-branes

that cannot be written in such form. It turns then more useful to describe a D8-brane

directly in terms of the 5-cycle (3.4) and a general constant U(1) bundle F as

Π5 = (ni,mi)i × (T2)j × (T2)k,

F/2π = nxx dxj ∧ dxk + nxy dxj ∧ dyk + nyx dyj ∧ dxk + nyy dyj ∧ dyk
+mxy, j dxj ∧ dyj +mxy, k dxk ∧ dyk

(3.16)

where all the n’s and m’s are integer numbers, and {ijk} is again a cyclic permutation of

{123}. It is easy to see that the F-flatness condition now reads

(Tj + imxy, j) · (Tk + imxy, k) = nxynyx − nxxnyy (3.17)
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and so the only effect of mxy, j , mxy, k is to shift the B-field by an integer number. For this

reason we will set mxy, j = mxy, k = 0 from now on, and describe a coisotropic D8-brane a

in terms of the six integer numbers

D8a : (nia,m
i
a)i × (nxxa , n

xy
a , n

yx
a , n

yy
a )jk (3.18)

defined by (3.16). Comparing with the description (3.13), we find the identifications

nyy = −(njαnkα + njβn
k
β) nxx = −(mj

αmk
α +mj

βm
k
β)

nxy = mj
αnkα +mj

βn
k
β nyx = njαmk

α + njβm
k
β

(3.19)

In the notation (3.18) we also have that the pull-back of F ∧ Ω reduces to

F ∧ Ω = c · (ni + iτim
i) (nxxτjτk + inxyτj + inyxτk − nyy) dvolΠ5 (3.20)

where c ∈ R, and hence the D-flatness condition reads

minyyτi − ninxyτj − ninyxτk = minxxτiτjτk (3.21)

plus the additional condition ReF ∧ Ω > 0. As we will see below, in the case of the

Z2 × Z2 orbifold a coisotropic D8-brane can also be defined by the same set of integer

numbers (3.18), and the chiral spectrum as well as the effective field theory quantities of a

D8-brane configuration will only depend on them.

Finally, we are interested in introducing O6-planes in our theory. For this we mod out

our toroidal compactification by the orientifold action ΩR(−1)FL , where Ω is the usual

world-sheet parity, FL stands for left-handed spacetime fermion number, and R is the

antiholomorphic involution

R : (z1, z2, z3) 7→ (z̄1, z̄2, z̄3). (3.22)

In general, a magnetized D8-brane will not be left invariant under this orientifold action,

so we need to include its orientifold image, given by6

D8a′ : (−nia,mi
a)i × (−nxxa , nxya , nyxa ,−nyya )jk (3.23)

Notice that in some cases like (3.5) a D8-brane is mapped by ΩR(−1)FL to an anti-D8-

brane, so the total D8-brane charge vanishes. Nevertheless, it is easy to check that if

D8asatisfies the supersymmetry conditions (3.17) and (3.21) so will D8a′ , so both D-branes

are BPS objects.

3.2 D8-branes on T6/Z2 × Z2

The fact that we can construct coisotropic D8-branes in T6 is perhaps not surprising,

given that in this compactification manifold b5 = 6 and then D8-branes can wrap non-

trivial 5-cycles. One may then wonder how a similar construction could be carried in

general Calabi-Yau manifolds, where b5 = 0 and any 5-cycle Π5 will be trivial in homology.

6The orientifold action which takes D8a to D8a′ may be not obvious at this stage, but is quite easy to

understand from the mirror type I picture, which will be discussed in section 7.
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(i = 1) D8 charge D6 charge D4 charge

a [Π5] [ΠF
3 ] [ΠF 2

1 ]

ωa [Π5] [ΠF
3 ] [ΠF 2

1 ]

θa −[Π5] [ΠF
3 ] −[ΠF 2

1 ]

ωθa −[Π5] [ΠF
3 ] −[ΠF 2

1 ]

Table 1: D-brane charges of a coisotropic D8-brane of the form (3.4), when embedded as a bulk

D-brane on the Z2 × Z2 orbifold. Here [ΠF
3 ] is defined as the Poincaré dual of [F/2π] in Π5, while

[ΠF 2

1 ] is the Poincaré dual of [F 2/4π2]. This table holds for the case where i = 1 in (3.4), while in

the cases i = 2 and i = 3, the roles of θ, ω and θω are interchanged.

In order to get more intuition about this problem, we can consider manifolds close to

T6 while carrying proper SU(3) holonomy. These are toroidal orbifolds of the form T6/Γ,

where Γ ⊂ SO(6) is a discrete subgroup of SU(3) but not of SU(2). A simple example is

given by the orbifold T6/Z2 × Z2, with the Z2 × Z2 generators acting as

θ : (z1, z2, z3) 7→ (−z1,−z2, z3) (3.24)

ω : (z1, z2, z3) 7→ (z1,−z2,−z3) (3.25)

and where zi is the complex coordinate associated to (T2)i. Just as in [4], we will consider

the choice of discrete torsion such that each Z2×Z2 fixed point contains a collapsed 2-cycle,

and so the complete orbifold cohomology is given by (h11, h21) = (51, 3).

Following the usual strategy for describing D-branes on orbifolds [25], we can construct

a coisotropic D8-brane in T6/Z2×Z2 by considering a D8-brane on the covering space T6,

then adding its images under Z2 × Z2, and finally quotienting our theory by the orbifold

action. If the D8-brane is not placed on top of any fixed point and has non-trivial Wilson

lines, all the images are different and we are dealing with a bulk D8-brane whose gauge

group is U(1). Notice that this also applies to a D6-brane at angles, although there is one

important difference. The homology class of a D6-brane [Π3] = [(n1,m1) × (n2,m2) ×
(n3,m3)] is invariant under the full orbifold action (3.24), (3.25), while this is not true for

a D8-brane. For instance, in our T6 example (3.5), the homology class [Π5] is mapped into

−[Π5] by the action of θ, while F is mapped to −F . On the other hand, the action of ω

leaves these two quantities invariant. It is easy to see that one gets the same kind of behavior

for any coisotropic D8-brane. This can be understood by the fact that a coisotropic D8-

brane on T6 will carry D8, D6 and D4-brane charges, which can be described by homology

classes of 5, 3 and 1-cycles on T6. When quotienting by the Z2×Z2 orbifold group the non-

trivial 5 and 1-cycles will be projected out, and so the total D8 and D4-brane charges (2.7)

should vanish. On the contrary, the induced D6-brane charge (2.3) will survive the orbifold

projection, as can be appreciated from table 1.

However, bulk coisotropic D8-branes are not very interesting from the model-building

point of view. The reason is that, as we will show in the next section, the chiral spectrum

of a coisotropic D8-brane only depends on the D6-brane charge that it carries. Bulk

coisotropic D8-branes carry bulk D6-brane charges and, as implicit in [4], bulk D6-branes
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Figure 2: Fractional coisotropic D8-brane on T6/Z2 × Z2.

do only give rise to models with an even number of chiral families. Hence we would never

achieve a three-family model out of bulk coisotropic D8-branes.

The way out is to consider D8-branes which are fractional with respect to the Z2×Z2

orbifold action, and so they can carry fractional D6-brane charge. Recall that in this

particular choice of Z2 × Z2 orbifold fractional D6-branes are 1
2 bulk D6-branes [26, 27],

and so will be the case for fractional D8-branes. Indeed, from table 1 we see that only the

action of one generator of Z2 × Z2 leaves a D8-brane invariant, while the other maps it to

its anti-D8-brane. Hence, a D8-brane can only be fractional with respect to a Z2 subgroup

of Z2 × Z2.

For concreteness, let us consider a D8-brane of the form (3.4) and with i = 1, so that

it is left invariant by the action of ω. Generically, such D8-brane will not be on top of any

θ-fixed point in (T2)1, and so locally it will not know about the action of θ. It can thus be

described by a 5-cycle of the form (see figure 2)

Π5 = (n1,m1)×T4/Zω2 ⊂ T2 ×T4/Zω2 ' T2 ×K3 (3.26)

where Zω2 stands for the Z2 subgroup of Z2 × Z2 generated by ω, and so T2 ×K3 can be

seen as the covering space of T6/Z2 ×Z2 before quotienting by θ. We can then describe a

coisotropic D8-brane in T6/Z2×Z2 in terms of a D8-brane in T2×K3 plus its image under

θ. Moreover, because the worldvolume flux F is fully contained inside K3, this D8-brane

can be understood as a product of a 1-cycle in T2 and a coisotropic D-brane on K3.

Let us now see which D6-brane charge is carried by a fractional D8-brane. The only

difference with the toroidal case is that [F/2π] is now an element of H 2(K3,Z), rather than

of H2(T4,Z). As a result, the D6-brane charge is again of the form (3.12), but now Π2

should be seen as a Lagrangian 2-cycle of K3. As explained in [28], the difference between

H2(T4,Z) and H2(K3,Z) amounts to including fractional D-branes in the orbifold T4/Z2.
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More precisely, H2(T4,Z) is a sublattice of H2(K3,Z) which corresponds to bulk D-branes

in T4/Z2. The elements of H2(K3,Z) that are not in H2(T4,Z) contain the ‘minimal’

2-cycles of K3 and, in the orbifold limit T4/Z2, they have the form

Πfr
2 =

1

2
Πb

2 +
1

2


 ∑

i,j∈Πb
2

εijΠ
ω
ij


 (3.27)

where Πb
2 is a bulk 2-cycle, inherited from the 2-cycles on T4 that survive the Z2 action

of ω. Πω
ij stand for the 4 × 4 fixed points of T4/Z2 or, more precisely, the 16 collapsed

P1’s that arise from such singularities. In general not all the collapsed 2-cycles contribute

to (3.27), but only those which are crossed by Πb
2 . The phases εij = ±1 then correspond

to the two possible orientations with which the two-cycle can wrap around the blown-up

P1 labeled by ij. Because (3.27) contains the exceptional 2-cycles Πω
ij , a D-brane wrapped

on it is stuck at the fixed points of T4/Z2, and in fact corresponds to a 1
2 fractional D-

brane of the T4/Z2 orbifold. Taking all the phases εij positive corresponds to choosing one

Chan-Paton phase, while taking them all negative corresponds to choosing the opposite

one. The intermediate choices of εij’s are constrained by consistency conditions, and they

can be understood as discrete Wilson lines turned on. See, e.g., [28, 29] for more detailed

discussions.

Given this description of a fractional D-brane it is now clear how to construct a

coisotropic D8-brane with fractional D6-brane charge. We first consider a fractional D8-

brane of the form (3.26) and then a pair of minimal 2-cycles (Πfr
2 )α and (Πfr

2 )β such

that (3.12)–(3.14) are satisfied. Just as in the toroidal case, our worldvolume flux F

will be given by the Poincaré dual of [(Πfr
2 )α] + [(Πfr

2 )β] in Π5, which means that [F/2π]

will be an element of H2(K3,Z) but not of the sublattice H2(T4,Z). That is, F will be of

the form

F fr =
1

2
F b +

1

2
F tw (3.28)

where F b is an element of H2(T4,Z) and F tw is the Poincaré dual of a sum of exceptional

2-cycles
∑

ij εij Πij in K3 which, in the orbifold limit T4/Z2, can be associated to the

twisted sectors of the theory. For simplicity, we will choose all the phases εij to have the

same sign, which amounts to not turning any discrete Wilson line.

The pair (Π5, F
fr) is a coisotropic D8-brane which is fractional with respect to ω, but

in order to have a well-defined object we still need to add its image under θ. From the

toroidal case we know how Π5 and F b transform under the action of θ. The behavior of

F tw is more subtle and depends on the choice of discrete torsion. Recall that in a Z2 ×Z2

orbifold the choice of discrete torsion amounts to specifying the action of θ on the collapsed

P1’s of K3 ' T4/Zω2 . The two possibilities are

θ : P1 7→ ηP1 (3.29)

with η = ±1. In our case η = 1, i.e., the collapsed two cycles do not change orientation

under the action of θ, and so the phases εij in (3.27) do not change when we consider the
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(i = 1) D8 charge D6 charge tw. D6 charge D4 charge

a [Π5] [ΠFb

3 ] [ΠF tw

3 ] [ΠF 2

1 ]

θa −[Π5] [ΠFb

3 ] −[ΠF tw

3 ] −[ΠF 2

1 ]

ã [Π5] [ΠFb

3 ] −[ΠF tw

3 ] [ΠF 2

1 ]

θã −[Π5] [ΠFb

3 ] [ΠF tw

3 ] −[ΠF 2

1 ]

Table 2: D-brane charges of a fractional coisotropic D8-brane and its image under θ, given the

choice of discrete torsion η = 1. The upper two rows represent a Zω2 -fractional D8-brane a with

a definite choice of Chan-Paton phase (say α = +1), while the two lower rows correspond to the

opposite choice (α = −1). These four D8-branes are then the constituents of a bulk coisotropic

D8-brane.

image of ΠF
2 under θ. We similarly find that the action of θ on a fractional coisotropic

D8-brane is given by

[Π5]
θ7→ −[Π5]

1
2F

b + 1
2F

tw θ7→ −1
2F

b + η
2F

tw
(3.30)

where we have chosen F b as in (3.18). The choice η = 1 then implies that, while the

untwisted D6-brane charge is left invariant under the action of θ, the twisted D6-brane

charge is flipped by a minus sign, and so the total twisted D6-brane charge vanishes (see

table 2). This is indeed what we would expect, since for this choice of discrete torsion the

RR twisted fields coupling to an A-brane are projected out, and hence such D-brane should

not carry any twisted charge.

We can now understand a bulk D8-brane in term of its fractional components, as shown

in table 2. Indeed, in order to construct a bulk coisotropic D8-brane we need to consider

a fractional D8-brane a with some choice of Chan-Paton phase α and a second D8-brane ã

with the opposite choice of α. We then add their images under θ and obtain a coisotropic

D8-brane in the regular representation of the Z2×Z2 orbifold group. Notice that each of the

pairs (a, θa) and (ã, θã) has vanishing D8, D4 and twisted D6-brane charge. In addition,

each pair generates a U(1) vector multiplet, and there are no gauge bosons arising from

open strings in mixed sectors like aã. Hence the total gauge group of a coisotropic D8-brane

in a regular representation is given by U(1)×U(1). In particular, this means that when a

bulk D8-brane approaches an orbifold singularity its gauge group gets enhanced as

U(1) −→ U(1)×U(1) (3.31)

in contrast to the enhancement U(1)→ U(2) that occurs for D6-branes [26]. As seen above,

each of the U(1) factors in (3.31) can be seen as an independent D8-brane whose net RR

charges are those of a fractional D6-brane. More precisely, the net RR charge of a pair

(a, θa) is given by [ΠFb

3 ], which is specified by the six integer numbers (3.18) of the previous

T6 case. These fractional D8-branes will be the building blocks that we will consider in

order to construct N = 1 chiral models.

In fact, F b will be the only quantity to consider when constructing a fractional BPS

D8-brane in T6/Z2×Z2, rather than the full F fr. This can be seen from the fact that F b is
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the only worldvolume flux present for a generic bulk D8-brane. Taking such bulk D8-brane

to an orbifold singularity and splitting it as in table 2 should not affect its BPSness. Thus,

if a bulk D8-brane is BPS for some choice of closed string moduli so will be its fractional

components. These fractional components inherit the same F b as the bulk D8-brane, but

now have a new contribution to F coming from F tw. By construction, the latter should

not be involved in the supersymmetry equations (2.4).

A more direct way to reach the same conclusion is to follow the standard procedure

to construct D-branes on orbifolds [25]. According to such prescription, the BPSness of

a fractional D-brane on T6/Z2 × Z2 is specified by its BPSness in the covering space T6,

with the only condition that the supersymmetry preserved by such D-brane on T6 needs

to be compatible with the bulk supersymmetry preserved by the Z2 × Z2 action. Again,

if a magnetized D8-brane is BPS or not in T6 only depends on Π5 and in F b, and so the

precise form of F tw will not matter when constructing a BPS D8-brane.7

To summarize, we should only concentrate on Π5 and F b when applying the D-flatness

and F-flatness conditions for a fractional coisotropic D8-brane. Because both quantities are

specified by the toroidal quanta (3.18), we will obtain similar constraints on the untwisted

Kähler and complex structure moduli as those found for the T6 case. In fact we will see

that, for most purposes, we can treat a fractional D8-brane on T6/Z2 × Z2 as a D8-brane

on T6.

Similarly, Π5 and F b will be the only quantities to consider when checking the consis-

tency of a coisotropic D8-brane model. More precisely, in the present T6/Z2 ×Z2 orbifold

background the zero modes of the RR C9 and C5 forms are projected out, and a coisotropic

D8-brane may only contribute to C7 RR divergences via its induced untwisted D6-brane

charge [ΠFb

3 ]. If in addition we mod out our theory by the orientifold action ΩR(−1)FL

specified by (3.22), the only surviving components of C7 will be those of the form (C7)x1x2x3

and (C7)xiyjyk , yielding four independent RR tadpole conditions.

In order to write down such conditions, let us consider a configuration made up of

fractional D6 and coisotropic D8-branes, with topological data

D6i : Ni (n1
i ,m

1
i )1 × (n2

i ,m
2
i )2 × (n3

i ,m
3
i )3

D8a : Na (n1
a,m

1
a)1 × (nxxa , n

xy
a , n

yx
a , n

yy
a )23

D8b : Nb (n2
b ,m

2
b)2 × (nxxb , n

xy
b , n

yx
b , n

yy
b )31 (3.32)

D8c : Nc (n3
c ,m

3
c)3 × (nxxc , n

xy
c , n

yx
c , n

yy
c )12

where, following the conventions in [4], the number of D-branes is normalized such that

Nα is an even number yielding a U(Nα/2) gauge group. Cancellation of RR tadpoles then

reads
∑

i,a,b,c

Nin
1
in

2
in

3
i −Nan

1
an

yy
a −Nbn

2
bn

yy
b −Ncn

3
cn

yy
c = 16

7In the usual orbifold language, the twisted charges F tw do not appear as such, but are encoded in

the matrices γθ, γω acting on the Chan-Paton degrees of freedom. In this paper we are using a geometric

approach which does not make use of the explicit form of γθ and γω, but it would be interesting to rederive

our results from this more standard procedure.
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∑

i,a,b,c

Nin
1
im

2
im

3
i −Nan

1
an

xx
a +Nbm

2
bn

xy
b +Ncm

3
cn

yx
c = −16

∑

i,a,b,c

Nim
1
in

2
im

3
i +Nam

1
an

yx
a −Nbn

2
bn

xx
b +Ncm

3
cn

xy
c = −16 (3.33)

∑

i,a,b,c

Nim
1
im

2
in

3
i +Nam

1
an

xy
a +Nbm

2
bn

yx
b −Ncn

3
cn

xx
c = −16

where we have also included the contribution of the O6-planes introduced by the orientifold

quotient.

In addition, in this class of orientifold backgrounds there may be extra consistency con-

ditions which are invisible to one-loop divergences in the worldsheet. Such extra constraints

take into account the cancellation of those D-brane charges which cannot be detected by

supergravity, but only by a K-theory computation or by using D-brane probes [30]. For

the Z2 × Z2 orientifold at hand and for D6-branes at angles, these extra constraints were

computed in [5]. One can repeat the same D-brane probe argument to include D8-branes,

obtaining

∑

i,a,b,c

Nim
1
im

2
im

3
i −Nam

1
an

xx
a −Nbm

2
bn

xx
b −Ncm

3
cn

xx
c = 0 mod 4

∑

i,a,b,c

Nim
1
in

2
in

3
i −Nam

1
an

yy
a +Nbn

2
bn

yx
b +Ncn

3
cn

xy
c = 0 mod 4

∑

i,a,b,c

Nin
1
im

2
in

3
i +Nan

1
an

xy
a −Nbm

2
bn

yy
b +Ncn

3
cn

yx
c = 0 mod 4 (3.34)

∑

i,a,b,c

Nin
1
in

2
im

3
i +Nan

1
an

yx
a +Nbn

2
bn

xy
b −Ncm

3
cn

y
c = 0 mod 4

which imply the cancellation of K-theoretical Z2 charges that both D6 and D8-branes may

carry. Finally, the CFT analysis of [31] suggests that certain coisotropic D8-branes could

carry additional Z2 charges, again invisible to supergravity. As stated in [31], it is not clear

if such additional Z2 charges could give rise to extra consistency constraints or if (3.33)

and (3.34) gather all the consistency conditions of our compactification. For simplicity,

we will consider the latter to be the case and leave the analysis of the full set of torsional

K-theory charges for future work.

4. Coisotropic branes and chirality

One interesting property of coisotropic D8-branes is that, just like intersecting D6-branes,

they give rise to chiral fermions upon compactification. Recall that, in the intersecting

D6-brane framework, chiral fermions arise at the intersection locus of the 3-cycles ΠD6a
3

and ΠD6b
3 that two D6-branes wrap. These intersections are points in the internal manifold

M6, and they naturally give rise to D = 4 fermions in the effective theory [32]. The

multiplicity of chiral fermions is given by the signed number of intersections

Iab = [ΠD6a
3 ] ◦ [ΠD6b

3 ] (4.1)
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which only depends on the D6-brane homological charges [ΠD6a
3 ] and [ΠD6b

3 ].

If we now consider two D8-branes D8a and D8b they may also intersect, but they would

do so in a 4-cycle S4 and there is a priori no reason to expect D = 4 chirality to arise from

such intersection. However, because coisotropic D8-branes carry a worldvolume flux F ,

there will be a relative flux Fab = Fb − Fa coupling to the open strings in the D8aD8b
sector. This flux will modify the internal Dirac index of the D = 8 theory compactified

on S4 and, in particular, it will be a source of D = 4 chirality via the coupling
∫
S4
F 2
ab.

The same story will apply to a D6a-D8b system. Now the intersection locus is given by a

2-cycle S2, and a natural source of D = 4 chirality will be given by the quantity
∫
S2
Fab.

We thus see that, when including D8-branes into the picture, the source of chirality

in type IIA compactifications is not only given by the intersection of D-branes, but rather

by a combination of intersection and magnetization mechanism. This reminds of the case

of type IIB theory, where such combination also arises from compactification with D5 or

D7-branes. From the type IIB literature we know that computing the chiral spectrum in

those cases may be quite involved, and that it requires describing our D-branes as coherent

sheaves and computing the so-called ‘Ext’ groups among them [33]. In principle we could

apply a similar procedure to compute the matter content of our D8a-D8b and D6a-D8b
system. However, we will see below that for coisotropic D8-branes on T6/Z2 × Z2 the

number of chiral fermions can be expressed in a rather simple way. Indeed, let [ΠD8
3 ]

be the D6-brane charge induced on a coisotropic D8-brane. Then the net chirality on a

D8a-D8b and D6a-D8b system is given by

Iab = [ΠD8a
3 ] ◦ [ΠD8b

3 ] and Iab = [ΠD6a
3 ] ◦ [ΠD8b

3 ] (4.2)

respectively. In fact, we would expect such expressions to be valid for general Calabi-Yau

manifold M6. Notice that when [ΠD8
3 ] is trivial in the homology of M6 then any of these

intersection numbers will vanish, but then our D8-brane could never be a BPS object.

Hence the source of stability for a coisotropic D8-brane (i.e., the worldvolume flux F )

turns out to be also the source of D = 4 chirality.

4.1 D6-D6 chirality

Let us first review the case where chirality arises from two intersecting D6-branes. The

simplest case is that of T6 = T2 ×T2 ×T2 and two D6-branes at angles

D6a : Na (n1
a,m

1
a)1 × (n2

a,m
2
a)2 × (n3

a,m
3
a)3

D6b : Nb (n1
b ,m

1
b)1 × (n2

b ,m
2
b)2 × (n3

b ,m
3
b)3

(4.3)

yielding a gauge group U(Na)×U(Nb). The number of chiral fermions in the bifundamental

representation (Na, Nb) is given by the intersection number (4.1), which is computed by

taking the Poincaré dual 3-forms

ωa = −(n1
ady

1 −m1
adx

1) ∧ (n2
ady

2 −m2
adx

2) ∧ (n3
ady

3 −m3
adx

3)

ωb = −(n1
bdy

1 −m1
bdx

1) ∧ (n2
bdy

2 −m2
bdx

2) ∧ (n3
bdy

3 −m3
bdx

3)
(4.4)

and integrating them over T6 to yield

Iab =

∫

T6

ωa ∧ ωb,= (n1
am

1
b − n1

bm
1
a) · (n2

am
2
b − n2

bm
2
a) · (n3

am
3
b − n3

bm
3
a) (4.5)

– 17 –



J
H
E
P
0
9
(
2
0
0
6
)
0
8
0

1
2(T ) (T )2

3 {1 + ω}2
2K3 = (T )

aθ

a

b bθ

Figure 3: Chirality from a D6-D6 system on T6/Z2 × Z2.

When considering the orbifold T6/Z2×Z2 the situation is more involved but, as shown

in [4] by means of CFT arguments, the number of chiral fermions is again given by (4.5),

and the only difference is that the gauge group is now U(Na/2)×U(Nb/2). Let us rederive

this result by the more geometric approach followed in [28]. Since Na is an even number, we

can separate a stack of Na/2 D6a-branes away from the fixed points on (T2)1, the remaining

Na/2 D6a-branes being their images under θ. We can repeat the same procedure with Nb/2

D6b-branes, without changing the gauge group or chiral spectrum of our configuration [34]

(see figure 3). Just like the fractional D8-brane discussed above, these D6-branes see the

geometry (T2)1 ×T4/Zω2 , so they wrap a 3-cycle of the form

D6α : Nα/2 (n1
α,m

1
α)1 ×

(
1
2Πb

2,α + 1
2Πtw

2,α

)

D6θα : Nα/2 (n1
α,m

1
α)1 ×

(
1
2Πb

2,α − 1
2Πtw

2,α

)

Πb
2,α = (n2

α,m
2
α)2 × (n3

α,m
3
α)3

(4.6)

where α = a, b and we have decomposed a minimal 2-cycle of T4/Z2 as in (3.27). Again,

the relative sign in Πtw
2,α follows from the specific choice of discrete torsion η = 1 in (3.29).

In order to compute the chiral spectrum we sum over the intersections of D6aD6b and

D6aD6θb, the other two sectors being mapped to these by the action of θ. We then find

Iab = [ΠD6a
3 ] ◦ [ΠD6b

3 ] + [ΠD6a
3 ] ◦ [ΠD6θb

3 ]

=
(
[(n1

a,m
1
a)] ◦T2 [(n1

b ,m
1
b)]
)
·
(

1
2 [Πb

2,a] ◦K3 [Πb
2,b]
)

=
(
−(n1

am
1
b − n1

bm
1
a)
)
·
(
−(n2

am
2
b − n2

bm
2
a) · (n3

am
3
b − n3

bm
3
a)
)

(4.7)

where we have used the fact that [Πb
2,α]◦K3 [Πtw

2,α] = 0 and that the embedding of H2(T4,Z)

into H2(K3,Z) involves a factor of two [28].8 Finally, one can check that both summands

in the first line of (4.7) have the same sign, and so there is no vector-like pairs arising from

the D6-D6 system.

4.2 D6-D8 chirality

Let us now consider a D6a-D8b system on T6. In particular, let us take the case where the

8Recall that in our conventions
R

(T2)i
dyi ∧ dxi = 1 (see footnote 4), and so there is a relative sign with

respect to the usual intersection product used for T2.
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Figure 4: Chirality from a D6-D8 system on T6.

direction not filled by the D8-brane is on (T2)i, so that we have

D6a : Na (n1
a,m

1
a)1 × (n2

a,m
2
a)2 × (n3

a,m
3
a)3

D8b : Nb (nib,m
i
b)i × (nxxb , n

xy
b , n

yx
b , n

yy
b )jk

(4.8)

as illustrated in figure 4, with i = 1. Both D-branes intersect |niami
b − nibmi

a| times on

(T2)i, and each intersection is a T2 of the form ΠD6a
2 = {(nja,mj

a)j × (nka,m
k
a)k}. Thus,

each intersection can be seen as a D = 6 theory compactified on T2, with a D = 6 chiral

fermion arising from the D6aD8b sector. Such D = 6 theory is deformed by the presence of

a relative flux Fab, which is nothing but the pull-back of FD8b on ΠD6a
2 . The multiplicity

of chiral fermions associated to the Landau levels of this toron system is given by the index

∫

ΠD6a
2

Fb =

∫

T4

ω̃a ∧ Fb = [ΠD6a
2 ] ◦T4 [ΠD8b

2 ] = IT4

ab (4.9)

where ω̃a is the Poincaré dual of ΠD6a
2 on T4. If we multiply this spectrum by the number

of intersections on (T2)i we arrive to the total multiplicity

Iab = I
(T2)i
ab · I(T4)jk

ab = [ΠD6a
3 ] ◦ [ΠD8b

3 ] (4.10)

as advanced in (4.2). In terms of the integer numbers (4.8) we have a total of

Iab = −(niam
i
b − nibmi

a) · (njankanxxb + njam
k
an

xy
b +mj

an
k
an

yx
b +mj

am
k
an

yy
b ) (4.11)

chiral multiplets transforming in the bifundamental representation (Na, Nb).

In order to compute the chiral spectrum of the D6a-D8b system in the T6/Z2 × Z2

orbifold we can follow the same strategy used for intersecting D6-branes. We separate both

D6 and D8-branes away from the Z2 × Z2 fixed points on one of the two-tori, say (T2)1,

and then we describe them as fractional branes on T2 ×T4/Z2. The main difference with

the computation of IT4

ab is that now ΠD6a
2 and Fb have each a component from the twisted

sectors of K3. However, the twisted contributions to IK3
ab will cancel once that we have

summed over the sectors D8b and D8θb, and so we will recover (4.11). The only difference

with T6 will be that now the gauge group is given by U(Na/2) × U(Nb/2), and so (4.11)

indicates the number of chiral multiplets in the representation (Na/2, Nb/2).
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Figure 5: Chirality from a D8-D8 system on T6.

4.3 D8-D8 chirality

Finally, let us consider a D8a-D8b system. On T6 our coisotropic D8-branes are described

by

D8a : Na (nia,m
i
a)i × (nxxa , n

xy
a , n

yx
a , n

yy
a )jk

D8b : Nb (ni
′
b ,m

i′
b )i′ × (nxxb , n

xy
b , n

yx
b , n

yy
b )j′k′

(4.12)

where {ijk} and {i′j′k′} are both even permutations of {123}. Although D8a and D8b will

always intersect on a T4, we can distinguish between two different cases:

• i = i′ [figure 5, i)]

In this case D8a and D8b intersect |niami
b − nibm

i
a| on (T2)i, and they overlap on

(T2)j × (T2)k. On each intersection we have a D = 8 gauge theory compactified on

T4, with a relative flux Fab = Fb −Fa acting on the D8aD8b sector. The multiplicity

associated to the Landau levels of this compactification is now given by

−1

2

∫

(T2)j×(T2)k

(Fb−Fa)2 = (nxxb −nxxa )(nyyb −nyya )− (nxyb −nxya )(nyxb −nyxa ) (4.13)

and so the total number of chiral fermions is

−(niam
i
b − nibmi

a) ·
(
(nxxb − nxxa )(nyyb − nyya )− (nxyb − nxya )(nyxb − nyxa )

)
(4.14)

• i 6= i′ [figure 5, ii)]

In this case both D8-branes intersect just once and the T4 where they overlap is of

the form (T4)ab = (nia,m
i
a)× (ni

′
b ,m

i′
b )× (T2)k, with i 6= k 6= i′. The multiplicity of

– 20 –



J
H
E
P
0
9
(
2
0
0
6
)
0
8
0

1
2(T ) (T )2

3 {1 + ω}2
2K3 = (T )

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

θa

a b

b

F − Fb a F − Fb a
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Figure 6: Chirality from a D8-D8 system on T6/Z2 × Z2.

the D8aD8b is now given by the integral

−
∫

(T4)ab
1
2 (Fb − Fa)2 =

∫
(nia,m

i
a)×(ni

′
b ,m

i′
b )×(T2)k

Fa ∧ Fb
=
∫
T6(niady

i −mi
adx

i) ∧ Fa ∧ (ni
′
b dy

i′ −mi′
b dx

i′) ∧ Fb
=
∫
T6 ωa ∧ ωb = [ΠD8a

3 ] ◦ [ΠD8b
3 ]

(4.15)

where [ωα] is the Poincaré dual of [ΠD8α
3 ]. In terms of the D8-brane quanta (4.12)

we have, for i′ = j,

Iab = niam
i′
b (nyya nxxb − n

yx
a n

yx
b )−mi

an
i′
b (nxxa n

yy
b − n

xy
a n

xy
b )

−niani
′
b (nxxa n

yx
b − n

xy
a nxxb )−mi

am
i′
b (nyya n

xy
b − n

yx
a n

yy
b )

(4.16)

and for i′ = k we just need to interchange (i↔ i′) and (a↔ b) in (4.16) in order to

compute −Iab.

Notice that (4.16) can be put in the form (4.2), but that this is not the case for (4.14).

This is because T6 contains non-trivial 5 and 1-cycles, and so there are non-trivial RR

charges associated to both D8 and D4-branes wrapped on such cycles. One would expect

such charges to play a role when computing the chiral spectrum of a compactification, in

the same sense that a D4-D8 system gives rise to D = 4 chirality when both D-branes

have a non-trivial intersection. In Calabi-Yau manifolds with b1 = 0 the only conserved

charges should be related to 3-cycles Π3 and then we should be able to compute the chiral

spectrum of a D8-D8 system by means of (4.2).

This is indeed the case of T6/Z2 × Z2, which we now analyze. We again describe

our fractional D8-branes in terms of the covering space T2 ×T4/Z2, as shown in figure 2.
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Recall that now Fa and Fb are 2-forms in K3 and that they are mapped to (3.30) by the

action of θ, so that we have

D8α : Nα/2 (niα,m
i
α)i ×K3, F fr

α = 1
2F

b
α + 1

2F
tw
α

D8θα : Nα/2 (−niα,−mi
α)i ×K3, F fr

θα = −1
2F

b
α + 1

2F
tw
α

F b
α = nxxα dxj ∧ dxk + nxyα dxj ∧ dyk + nyxα dyj ∧ dxk + nyyα dyj ∧ dyk

(4.17)

Adding up the contributions from the D8a-D8b and D8θa-D8b sectors of figure 6 we arrive

to a chiral spectrum given by

Iab = (niam
i
b − nibmi

a) ·
(∫

K3
1
2(F fr

b − F fr
a )2 −

∫
K3

1
2 (F fr

b − F fr
θa)

2
)

= −(niam
i
b − nibmi

a) ·
∫
K3 F

fr
b ∧

(
F fr
a − F fr

θa

)

= −(niam
i
b − nibmi

a) · 1
2

∫
K3 F

b
b ∧ F b

a = [ΠD8a
3 ] ◦ [ΠD8b

3 ]

(4.18)

which can indeed be expressed as the intersection product of two 3-cycles. As usual, this

quantity only depends on the bulk wrapping and magnetic numbers (4.12), in terms of

which it reads

Iab = (niam
i
b − nibmi

a) · (nxxa nyyb + nyya n
xx
b − nxya nyxb − nyxa n

xy
b ) (4.19)

Finally, the same procedure can be applied to the D8-D8 system of figure 5, ii) in order

to compute its chiral spectrum when embedded in T6/Z2×Z2. In this case the computation

parallels those of the D6-D6 and D6-D8 systems, in the sense that the contributions coming

from twisted sectors cancel each other and we end up with the intersection number Iab again

given by (4.16).

4.4 Summary

Let us summarize the above results on the chiral spectrum arising from D6-branes at angles

and coisotropic D8-branes. Although now there are several possibilities in order to produce

chirality from a pair of D-branes, finding the chiral spectrum of a compactification always

boils down to compute the intersection number Iab between two homology classes of 3-

cycles [Πa
3] and [Πb

3]. As advanced in (4.1) and (4.2), such 3-cycles may correspond to

those wrapped by a D6-brane [ΠD6
3 ] or to the D6-brane charge which is dissolved into a

coisotropic D8-brane [ΠD8
3 ].

Because of the choice of discrete torsion taken on the T6/Z2×Z2 background, neither

the D6-branes nor the D8-branes carry any twisted charge, and so the homological charges

[ΠD6
3 ] and [ΠD8

3 ] can be understood in terms of (a subsector of) the T6 cohomology. This

implies that the intersection numbers Iab can be expressed in terms of the wrapping and

magnetic numbers (3.32) that define a D6-brane at angles or a coisotropic D8-brane in

T2 × T2 × T2. In particular, they take the expressions (4.5), (4.11), (4.16) or (4.19)

depending on which particular pair of D-branes we are considering.

Once these intersection numbers have been computed, everything works as in the case

of D6-branes at angles discussed in [4]. In particular, because we are performing the same

orientifold projection that introduces O6-planes in our theory, we need to consider the D6’s

and D8’s orientifold images. In the case of the D8-branes, this means that we need to add
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Sector Representation

aa U(Na/2) vector multiplet

ab+ ba Iab ( a, b) chiral multiplets

ab′ + b′a Iab′ ( a, b) chiral multiplets

aa′ + a′a 1
2 (Iaa′ − 4IaO) chiral multiplets

1
2 (Iaa′ + 4IaO) chiral multiplets

Table 3: Gauge groups and chiral spectrum spectrum for N = 1 intersecting D6-branes and

coisotropic D8-branes in the T6/(Z2 × Z2) orientifold considered in this paper.

the images (3.23) in our compactification and that we must also compute the intersection

numbers Iab′ . Finally, the D6a-D6a′ and D8a-D8a′ sectors may give rise to symmetric

and/or antisymmetric chiral matter, and this part of the spectrum also depends on the

intersection number IaO between [ΠD6
3 ], [ΠD8

3 ] and the O6-plane homology class, given by

[ΠO6
3 ] = [(1, 0) (1, 0) (1, 0)] + [(1, 0) (0, 1) (0,−1)]

+ [(0, 1) (1, 0) (0,−1)] + [(0, 1) (0,−1) (1, 0)]. (4.20)

Such chiral spectrum is then summarized by table 3.

5. Effective field theory

Having constructed BPS coisotropic D8-branes in T6 and in the T6/Z2 × Z2 orientifold,

we would now like to understand what is the effective field theory associated to them. In

particular, we would like to derive the expressions for the F and D-terms that appear when

the supersymmetry conditions (2.8) are no longer met. As usual, these quantities can be

extracted from the scalar potential generated in the D = 4 effective theory and, more

precisely, from the contribution of the D8-brane DBI action to such scalar potential.

We have already encountered an effective field theory quantity in the previous section,

namely the spectrum of D = 4 chiral fermions arising from a D8-brane when intersecting

others. In that case we found that everything depends on the D6-brane induced charge on

the D8-brane, so one may wonder if this also true for any other quantity. We will see that

this is indeed the case for some elements of the effective field theory, like the gauge kinetic

functions, Fayet-Iliopoulos terms and massive U(1)’s of a D8-brane and that, in these cases,

everything works like for a D6-brane wrapping a non-factorizable 3-cycle. On the other

hand, there will be important differences when analyzing the D = 4 superpotential. In

particular, we will see that a open-closed superpotential will couple the D8-brane moduli

to the Kähler moduli of the compactification, and that the generation of Yukawa couplings

may or may not involve world-sheet instantons.

Because our coisotropic D8-branes do not carry any RR twisted charge and we are

working in the orbifold limit, all the effective theory quantities will depend on the toroidal
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D8-branes charges (3.18) and on the closed untwisted moduli of the compactification. Re-

call that in the IIA orientifold that we are considering there are three untwisted Kähler

moduli Ti, defined in terms of the complexified Kähler form Jc as shown in (3.3).9 The

remaining moduli are the dilaton S and the three complex structure moduli Ui, which can

be encoded in the complexified 3-form [35]

(4π2α′)3/2 Ωc = C3 + iRe (CΩ) (5.1)

where in our conventions C = e−φ. The RR 3-form C3 is to be expanded in a basis of

3-forms invariant under the orientifold action. In our case,

Ωc = iS dx1 ∧ dx2 ∧ dx3 − i
∑

i6=j 6=k
Ui dx

i ∧ dyj ∧ dyk . (5.2)

It then follows that

ReS = e−φR1R2R3 ; ReUi = e−φRiRjRkτjτk , i 6= j 6= k . (5.3)

For future purposes we introduce the four-dimensional dilaton given by

e4φ4 =
e4φ

V2
= (ReSReU1 ReU2 ReU3)−1 , (5.4)

where V = R2
1R

2
2R

2
3τ1τ2τ3 is the volume of the internal T6 in string units.

The effective action for a Dp-brane is the sum of two terms. The first is the Dirac-

Born-Infeld action given by

SDBI = −µp
∫

Σp+1

dp+1ξ e−φ Tr
√

det(G+B + 2πα′F ) , (5.5)

where Σp+1 is the D-brane worldvolume. As usual, G and B are the pullbacks of the

corresponding D=10 tensors, whereas F is the worldvolume field strength. The second

term is the Chern-Simons action

SCS = −µp
∫

Σp+1

C ∧ eF , (5.6)

where C is a formal sum of RR forms.

As usual, these quantities simplify for D-branes on tori or toroidal orbifolds. For

instance, if we consider a D8a-brane with data given by (3.18), we can derive the useful

result,

det (G+ F)|Π5
= (4π2α′)5R2

1R
2
2R

2
3

(
(nia)

2 + (mi
aτi)

2
)

[(nyya − nxxa τjτk)2 + (nxya τj + nyxa τk)
2

+
1

R2
jR

2
k

|TjTk − nxya nyxa + nxxa n
yy
a |2 ] (5.7)

9In this section we will express the real part of these Kähler moduli as ReTi = R2
i τi, where Ri is the

compactification radius in the xi direction (in units of 2π
√
α′) and τi has been defined in (3.2).
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where |Π5 stands for the pull-back on the 5-cycle that the D8-brane is wrapping. Observe

that using the F and D-flatness conditions (3.17) and (3.21) leads to
∫

Π5

√
det (G+ F) =

∫

Π5

F ∧Re Ω = 2πα′
∫

Π5

F ∧Re Ω (5.8)

where we have used that the B-field is a (1,1)-form and hence B∧Ω = 0. As we will shortly

explain, moving away from these supersymmetry conditions allows instead to deduce F and

D-terms in the scalar potential.

5.1 Gauge coupling constants

Let us consider a type II compactification, and a gauge theory arising from a Dp-brane

wrapping a (p − 3)-cycle Πp−3 on the internal manifold. One basic question is which is

the gauge coupling constant of such theory. As it is well known, this follows from reducing

the Dirac-Born-Infeld action (5.5) over the compact Πp−3, and reading the gauge coupling

from the resulting D=4 action. In this way we obtain the general result [36]

2π

g2
p

= (2π)3−pα′
3−p

2

∫

Πp−3

e−φ
√

det(G+F) (5.9)

In an N=1 supersymmetric theory it must be that 1/g2
p is given by the real part of the

holomorphic gauge kinetic function fp. Furthermore, the imaginary part of fp determines

the axionic couplings. These couplings can be derived from reducing the Chern-Simons

action (5.6) over Πp−3 and so, eventually, Im fp can be also deduced. For instance, for a

D6-brane, Im f6 ∼
∫

Π3
C3, whereas for a coisotropic D8-brane,

Im f8 = − 1

2π
(4π2α′)−3/2

∫

Π5

C3 ∧
F

2π
. (5.10)

Clearly, Im f8 depends linearly on the imaginary part of the complex structure moduli

that come from the RR 3-form. On the other hand, Re f8 seems to have a complicated

dependence on the NSNS piece of the moduli. However, once the supersymmetric conditions

are used we can easily reconstruct the holomorphic gauge function.

Indeed, substituting eq. (5.8) in the gauge coupling constant gives

Re f8 =
1

g2
8

=
1

2π
(4π2α′)−3/2

∫

Π5

F

2π
∧Re (e−φΩ) . (5.11)

so combining with the imaginary part yields

f8 = − i

2π

∫

Π5

F

2π
∧ Ωc = − i

2π

∫

[Π3]
Ωc (5.12)

where [Π3] is the Poincaré dual of [F/2π] in Π5. It is thus clear that the gauge kinetic

function only depends on the D6-brane charge induced on the coisotropic D8-brane.

In particular, in our toroidal compactification we can use (5.2) to express Ωc in terms

of the moduli, so that for the D8a-brane (3.18) we obtain

f8a = −nia(nyya S − nxxa Ui)−mi
a(n

yx
a Uj + nxya Uk) (5.13)
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which explicitly shows that f8a is a holomorphic function of the dilaton and the complex

structure moduli. In addition, using the dictionary (3.19) one can check that this expression

matches the one obtained in [37] for intersecting D6-branes.

5.2 Scalar potential

Basically, the contribution of a Dp-brane to the scalar potential of an effective theory can

be computed from its tension, as derived from the Dirac-Born-Infeld action. For example,

for a coisotropic D8-brane we have

VD8 = µ8

∫

Π5

e4φ4e−φ
√

det(G+ F) . (5.14)

where the factor e4φ4 appears because the action term is actually
∫
d4x
√
g̃ VD8, g̃µν being

the 4-dimensional metric in Einstein frame. In the toroidal compactification the four-

dimensional dilaton is given by (5.4).

To proceed further, we consider a D8a brane for which the Dirac-Born-Infeld determi-

nant is computed in (5.7). As in [17], it is convenient to define D-term and F-term densities

as

e−φRe (F ∧ Ω) |Π5 = (4π2α′)5/2 Θa dvolΠ5 ,

e−φIm (F ∧ Ω) |Π5 = (4π2α′)5/2 Da dvolΠ5 , (5.15)

(F + iJ)2 |T4 = (4π2α′)2Qa dvolT4 .

These quantities have been basically computed in (3.17) and (3.20). Explicitly,

Θa =
[
−nia(nyya ReS − nxxa ReUi)−mi

a(n
yx
a ReUj + nxya ReUk)

]
,

e2φ4Da =

[
−m

i
an

yy
a

ReUi
+
mi
an

xx
a

ReS
+
nian

xy
a

ReUj
+
nian

yx
a

ReUk

]
≡ Da , (5.16)

Qa = [TjTk − nxya nyxa + nxxa n
yy
a ] ,

where we have also used (5.3) and (5.4). Notice that Θa = Re f8a.

The next step is to identify the terms in (5.7) to arrive at

VD8a = µ8(4π2α′)5/2 e4φ4

√
Θ2
a +D2

a + e−2φ||`i||2|Qa|2 , (5.17)

where ||`i||2 = 4π2α′R2
i

(
(nia)

2 + (mi
aτi)

2
)
. Expanding the square root readily gives

VD8a =
1

8π3α′2
e4φ4

{
|Θa|+

D2
a

2|Θa|
+
e−2φ||`i||2|Qa|2

2|Θa|
+ · · ·

}
(5.18)

This expansion supports the interpretation of the supersymmetry constraints Im (F ∧Ω) =

0 and (F + iJ)2 = 0 as D-flatness and F-flatness conditions. On the other hand, imposing

the supersymmetry conditions leaves only the first term in (5.18). In fact, in a supersym-

metric configuration this term will cancel against the contribution of the orientifold planes

given by

Vori = −16e4φ4e−φ||`ori|| . (5.19)

– 26 –



J
H
E
P
0
9
(
2
0
0
6
)
0
8
0

In the T6/Z2 × Z2 orientifold that we are considering

||`ori|| = R1R2R3(1 + τ2τ3 + τ3τ1 + τ1τ2) . (5.20)

and so it is easy to check that the RR tadpole cancellation conditions (3.33) imply the

vanishing of the full potential of a supersymmetric brane setup. This is the usual statement

that, by supersymmetry, NSNS tadpoles will also cancel in this compactification.

In the scalar potential (5.18) we clearly identify a D-term appearing in the standard

supergravity form VD = 1
2DaD

a, where Da = e2φ4Da up to normalization, and the index

a is raised with the gauge metric (Re f8a)
−1. In the case of D6-branes, the analogous D-

term corresponds to Fayet-Iliopoulos terms associated to the D-branes U(1) factors [38, 37]

(see also [28, 39]). It is clear that the similar result should hold here, since we could

obtain (5.16) by replacing the magnetized D8-brane by a non-factorizable D6-brane whose

wrapping numbers are given by (3.19).

On the other hand, the scalar potential also includes an F-term contribution, namely

VF =
1

16π3α′2
e2φ||`i||2|Qa|2
V2Re f8a

. (5.21)

In the following we will argue that this F-term is due to a superpotential

W =

√
2

π2(α′)3/2
XQa , (5.22)

where Qa depends on closed Kähler moduli as shown in (5.16), whereas X is an open string

modulus of the coisotropic D8a-brane. The task is to show that VF is of the standard form

eKKX̄X

∣∣∣∣
∂W

∂X

∣∣∣∣
2

, (5.23)

where K is the Kähler potential of the closed and open moduli and, as usual, K ĀB is the

inverse of KĀB = ∂Ā∂BK.

First, the Kähler potential has the general structure

K = K̂ + K̃XX̄XX̄ + · · · , (5.24)

with K̂ and K̃XX̄ depending only on the closed moduli. For K̂ we have the well-known

tree-level result

K̂ = − log(S + S̄)−
3∑

i=1

log(Ui + Ūi)−
3∑

i=1

log(Ti + T̄i) (5.25)

and so, to first order in X,

eK =
e4φ

128V3
+ · · · . (5.26)

Second, we need to determine K̃XX̄ , and our strategy will be to compute the kinetic energy

of the open string modulus, i.e. K̃XX̄∂µX∂
µX̄, from the Dirac-Born-Infeld action.
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Let us first identify the open string modulus X. To simplify the discussion we will

consider a fractional D8a-brane wrapping the 5-cycle (1, 0)1 × ((T2)2 × (T2)3)/Z2 (see

section 3.2). Then, the obvious moduli of our D8-brane in the D8aD8a sector are the

position y1 of (1, 0)1 in (T2)1, and the Wilson line A1 along the unique 1-cycle (1, 0)1.

These two real moduli can be arranged into a complex field as

X = R2
1τ1 y

1 + iA1 (5.27)

where the factor of Re T1 in ReX is necessary in order to obtain a canonical kinetic energy.

In fact, upon reducing the Dirac-Born-Infeld action the terms quadratic in space-time

derivatives of y1 and A1, in Einstein frame, turn out to be

1

4πα′
e2φ

V
√
g̃Re f8a

(
R2

1τ
2
1 ∂µy

1∂µy1 +R−2
1 ∂µA1∂

µA1

)
(5.28)

where the factor of Re f8a basically comes from the integral over the 5-cycle that can be

performed using (5.7) plus the supersymmetry constraints.

Then, from the kinetic terms we obtain

K̃XX̄ =
1

4πα′
e2φ

V||`i||2
Re f8a , (5.29)

since, in the case at hand, ||`i||2 = R2
1. This is enough to check that the scalar potential

VF has the expected form (5.23). Indeed, collecting previous results we find

eKKX̄X =
πα′

32

e2φ||`i||2
V2Re f8a

+ · · · , (5.30)

to first order in X. Finally, the proposed superpotential obviously verifies ∂W
∂X ∼ Qa.

To summarize, we find that for a coisotropic D8-brane (3.18) the worldvolume flux

F induces a superpotential linear in its open string modulus Xi which, as in the case

of D6-branes, is a combination of transverse position and Wilson line in (T2)i. Such

superpotential also involves the Kähler moduli of the compactification, and has the general

form

W = Xi(TjTk − n) (5.31)

where n comes from integrating F 2 over (T2)j × (T2)k. Such type of superpotentials have

also been obtained in the case of magnetized D7-branes [40, 41].

In general, the existence of a open-closed string superpotential is quite an interesting

feature of a D-brane model and, in principle, it may provide new sources of moduli stabi-

lization. Naively, one would say that in the presence of a superpotential of the form (5.31)

the Kähler moduli should be fixed as TjTk = n, which is precisely the F-flatness condition

for our D8-brane. One should be however careful, because there could be extra superpo-

tential terms involving Xi and then this naive picture could be complicated. For instance,

we have analyzed the open string modulus Xi, which exists for any fractional D8a-brane

on (nia,m
i
a)i × ((T2)j × (T2)k)/Z2. However, there could be extra open string moduli, say

Xj and Xk, coupling as

WX = XiXjXk (5.32)
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as is the case for D6-branes [26, 4]. Then the F-flatness condition for Xi would read

∂(W +WX)

∂Xi
= (TjTk +XjXk − n) = 0 (5.33)

and hence the deviation of the Kähler moduli from the BPS condition could be compensated

by giving a vev to open string moduli. Notice that this phenomenon is quite analogous

to the case of D-terms for D6-branes, where the scalar potential does not fix the complex

structure moduli of the compactification, but only a combination of closed and open string

moduli. In this sense, the fact that XjXk take a vev could be interpreted as some kind of

D8-brane recombination.

Notice also that, as a byproduct of our analysis, we have determined the Kähler metric

of the open string field X. This metric has a very simple expression as function of the closed

moduli. For instance, for a D8a-brane wrapping (1, 0)1 × (T2)2 × (T2)3 we find

K̃XX̄ =
1

4πα′Re T1

(
nxxa
ReS

− nyya
ReU1

)
. (5.34)

If the 5-cycle is instead (0, 1)1 × (T2)2 × (T2)3 the metric is given by

K̃XX̄ = − 1

4πα′ReT1

(
nxya

ReU2
+

nyxa
ReU3

)
. (5.35)

In general, we just need to apply eq. (5.29). For magnetized D7-branes the open moduli

metric has been discussed in [42 – 44, 40, 41].

5.3 Massive U(1)’s

The axionic coupling (5.10) not only enters in the gauge kinetic function of the effective

theory, but it is also an important ingredient in the cancellation of U(1) anomalies through

a generalized Green-Schwarz mechanism [45]. One can see that the imaginary parts of

the dilaton (S ≡ U0) and the complex structure moduli couple to the D = 4 gauge field

strengths as
3∑

L=0

daLImULTr (Fa ∧ Fa) . (5.36)

For instance, if Fa arises from the coisotropic D8a, with data given in (3.18) and i = 1, we

find the coefficients

daL = (−n1
an

yy
a , −n1

an
xx
a , m

1
an

yx
a , m

1
an

xy
a ) . (5.37)

In order to cancel U(1) anomalies we also need B ∧ TrFa couplings, which can also

be obtained from the Chern-Simons action. Indeed, from (5.6) we obtain couplings of the

form

TrFa ∧
∫

Πa5

F ∧ C5 =

3∑

L=0

caLBL ∧ TrFa . (5.38)
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Figure 7: Yukawa couplings in intersecting D6-branes involve a sum over triangle shaped instan-

tons.

where the BL are 2-forms dual to the 0-forms ImUL. In the example above (i = 1) the

coefficients caL are given by

caL = (−Nam
1
an

xx
a , −Nam

1
an

yy
a , Nan

1
an

xy
a , Nan

1
an

yx
a ) . (5.39)

Obviously, these couplings exist only for Abelian U(1) factors.

The couplings (5.36) and (5.38) give a contribution

∑

L

ciLd
a
L , (5.40)

to mixed and cubic U(1)a anomalies. Once the RR tadpole conditions (3.33) have been

imposed, this piece will cancel the remaining triangle anomalies due to the charged massless

fermions in the spectrum. In fact, the U(1)-SU(N)2 anomaly cancellation works exactly

like in the case of D6-branes, so we refer the reader to the original references [2, 46] for a

detailed computation.

As usual, when the terms B ∧TrFa do not vanish, there will be combinations of U(1)

factors that acquire a mass. A generic U(1) generator Q =
∑

i ξiQi, where Qi arises from

the ith stack, will remain massless provided that

∑

i

ciLξi = 0 ; ∀L (5.41)

which guarantees that the corresponding U(1) does not couple to any RR 2-forms BL.

5.4 Yukawa couplings

Other effective field theory quantities of obvious interest are the Yukawa couplings among

chiral fields. In the case of intersecting D6-branes, the flavor-dependent contribution to

the Yukawa couplings is given by a sum over worldsheet instantons [2] (see figure 7). The

couplings among three chiral fields labeled α, β, γ, have the qualitative form

Yαβγ ∝
∏

i


∑

ki∈Z
e−

Aαβγ(ki)

2πα′


 (5.42)
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Figure 8: Yukawa couplings involving two D6-branes and one D8 contain contributions both from

instantons (first torus in the figure) and integrals over overlapping wave functions.

where i = 1, 2, 3, labels the three tori and Aαβγ(ki) is the area of the triangular instantons

on each of them. This sum was shown in [7] to be equal to a product of Jacobi theta-

functions in the toroidal/orbifold case. The type I mirror of these orientifolds consists of

D5-branes and magnetized D9-branes, and the Yukawa couplings come from a pure field-

theoretical calculation. They are given by the overlap integral over the 6 extra dimensions

of the three wave functions of the zero modes α, β, γ, i.e.,

Yαβγ ∝
∫

(T2)1×(T2)2×(T2)3

d6y Ψα(y)Ψβ(y)Ψγ(y) (5.43)

where some of the wavefunctions are delta functions when D5-branes are involved in the

Yukawa coupling. As checked in [47], this computation yields the expected T-dual of the

computation in terms of intersecting D6-branes.

In the presence of coisotropic D8-branes we find three new different classes of brane

configurations giving rise to Yukawa couplings among chiral fields. In these cases, the

origin of Yukawa couplings turns out to be a combination of the above two mechanisms.

The three new classes are as follows:

(a) Yukawa couplings involving two D6’s and one D8. This is depicted in figure 8 for the

case of a D8-brane with the 1-cycle in the first torus. The Yukawa coupling will have

two factors, one contribution coming from a sum over triangle instantons in the first

torus (see the figure) and the other from the overlap integral of wave functions over

the second and third torus. One thus has a structure for the couplings of the form

Yαβγ ∝


∑

k1

e−
Aαβγ (k1)

2πα′


×

∫

(T2)2×(T2)3

d4y Ψα(y)Ψβ(y)Ψγ(y) (5.44)

where the wavefunctions have only support in the D-brane intersections. In par-

ticular, the wavefunction arising from the D6D6 sector will be a delta function on

(T2)2 × (T2)3.
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Figure 9: The two general classes of Yukawa couplings in configurations with two D8’s and one

D6. In the first one there are contributions from a sum over instantons and overlap integrals. In

the second case there is no sum over instantons.

(b) Yukawa couplings involving two D8’s and one D6. This is depicted in figure 9. As

shown in the figure, there are two classes of configurations of this type. In the first the

1-cycle of both D8-branes are in the same torus, i.e. (T2)1. In this case the structure

of the Yukawa couplings is similar to the previous case and the Yukawa coupling has

the general form in eq. (5.44). In the second case in the figure there is no sum over

instantons and the structure is rather as in eq. (5.43).

(c) Yukawa couplings involving three D8’s. In this case there are three possible configu-

rations of the D8’s, as shown in figure 10. In the first configuration again we have a

sum over instantons in one of the tori ((T2)1 in the figure) and the Yukawa coupling

will be given by an expression as in eq. (5.44). In the other two cases we will have

an expression as in eq. (5.43).

It would be interesting to see which kind of textures yield these new classes of Yukawa

couplings. However, a detailed computation of these Yukawa couplings goes beyond the

scope of this paper, and is left for future work.

6. Coisotropic model building

The coisotropic D8-branes discussed in the previous sections turn out to be interesting

from the model building point of view. One of the reasons is that coisotropic D8-branes

have induced D6-brane charges corresponding to non-factorizable 3-cycles. This allows for

new ways to cancel RR tadpoles in constructions giving rise to a MSSM-like spectrum.

In addition the presence of an appropriate set of coisotropic D8-branes give rise to super-

potential couplings involving the Kähler moduli and may be useful in order to fix them.
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Figure 10: The three general classes of Yukawa couplings involving three D8’s.

We postpone for future work a systematic analysis of the model-building possibilities of

this new tool, but we will present here two examples of Z2 × Z2 orientifold models with

both D8- and D6-branes and a chiral spectrum close to that of a 3-generation MSSM-like

model. In the first example the MSSM fields will reside on a set of intersecting D6-branes

and the addition of a stack of coisotropic D8-branes will ensure RR tadpole cancellations.

In the second example the MSSM fields will reside at the intersection of both D8- and D6-

branes and extra coisotropic D8-branes will be added both to cancel tadpoles and provide

superpotential couplings for the untwisted Kähler moduli.

6.1 An MSSM-like model

The first model will be based on one of the ‘triangle quiver’ toroidal models discussed in

section 4.4 of ref. [23], concretely, that with β2 = 1 (see that reference for details). In

this model the third torus is not a square but a ‘tilted’ torus. The extension of this set

of D6-branes to the Z2 × Z2 orientifold case is simply done by doubling the number of

D6-branes as in [4]. We thus have D6-branes with wrapping numbers as in table 4.

One can easily check that the set of D6-branes in this model are not enough to cancel

RR-tadpoles. In particular, their contribution to each of the 4 tadpoles is respectively

(76,−4,−2,−4) whereas that of the orientifold planes is (−16, 8, 8, 16).10 In order to cancel

tadpoles we need branes contributing charges as (−60,−4,−6,−12). A very economical

possibility is to add a stack of 4 coisotropic D8-branes M (and their corresponding images

10Note that the second and third orientifold charges are halved due to the tilting of the third torus.
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Nα Dpα D8α : (niα,m
i
α)i × (nxxα , n

xy
α , n

yx
α , n

yy
α )jk

D6α : (n1
α,m

1
α)1(n2

α,m
2
α)2(n3

α,m
3
α)3

Na = 6 D6a (1, 0)1(3, 1)2(3,−1/2)3

Nb = 4 D6b (1, 1)1(1, 0)2(1,−1/2)3

Nc = 2 D6c (0, 1)1(0,−1)2(2, 0)3

Nd = 2 D6d (1, 0)1(3, 1)2(3,−1/2)3

NM = 4 D8X (−1,−3,−2,−5)12 × (−3, 1/2)3

Table 4: Set of D6 and coisotropic D8-branes giving rise to the MSSM-like model in the text.

under the orientifold operation) as shown in the table. One can easily check that indeed

this simple addition cancels all tadpoles. All D-branes in the model preserve the same N=1

SUSY for appropriate choices of the complex structure moduli. In particular the D-term

conditions are

2τ1 = 2τ2 = τ3 ; τ1τ2τ3 = 18τ1 + 12τ2 + 5τ3 (6.1)

which are obeyed for τ1 = τ2 = τ3/2 =
√

20. A superpotential of the form

WD8 = X3(1− T1T2) (6.2)

is created due to the presence of the D8-brane. In absence of the superpotential (5.32)

or for fixed extra D8-brane moduli, this would constrain the T1,2 Kähler moduli to satisfy

T1T2 = 1.

The gauge group is initially U(3)c×U(2)L×U(1)B−L×U(1)R×U(2)M . However, three

out of the 5 U(1)’s are anomalous and only the hypercharge and an additional U(1) (the

one characteristic of left-right symmetric models) survives the B ∧ F couplings described

in the last section, remaining as massless U(1)’s. The chiral spectrum is shown in table 5

and consists of the content of the MSSM plus some additional SM doublets and singlets.

Further antisymmetric and symmetric U(2)M chiral fields uncharged under the SM exist

which we do not display.

This model, which is of phenomenological interest by itself, exemplifies how coisotropic

D8-branes may be a useful tool for model-building purposes. In this example the role of

the D8 was auxiliary, in the sense that it helped in cancelling RR tadpoles and restricting

Kähler moduli but the MSSM fields reside on D6-branes. Models analogous to this in

which MSSM fields live on D8-branes can also be constructed. This is illustrated in the next

example in which also additional D8-branes are appended in order to provide superpotential

couplings for the untwisted Kähler moduli.

6.2 A left-right symmetric MSSM-like model

In our second example the brane structure is reminiscent of the MSSM-like D6-brane con-

figuration introduced in [6, 7] and first included in a tadpole free global Z2×Z2 orientifold

compactification in [5]. Consider a D8-D6 brane configuration as listed in table 6.
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Intersection Matter fields Qa Qb Qc Qd QM QY

ab QL (3, 2) 1 -1 0 0 0 1/6

ab′ qL 2(3, 2) 1 1 0 0 0 1/6

ac UR 3(3̄, 1) -1 0 1 0 0 -2/3

ac′ DR 3(3̄, 1) -1 0 -1 0 0 1/3

bd L (1, 2) 0 -1 0 1 0 -1/2

bd′ l 2(1, 2) 0 1 0 1 0 -1/2

cd NR 3(1, 1) 0 0 1 -1 0 0

cd′ ER 3(1, 1) 0 0 -1 -1 0 1

bc H (1, 2) 0 -1 1 0 0 -1/2

bc′ H̄ (1, 2) 0 -1 -1 0 0 1/2

bM F 3(1, 2; 2M ) 0 -1 0 0 1 0

bM∗ F̄ 2(1, 2; 2M ) 0 1 0 0 1 0

cM G 5(1, 1; 2M ) 0 0 -1 0 1 1/2

cM∗ Ḡ 5(1, 1; 2M ) 0 0 1 0 1 -1/2

Table 5: Chiral spectrum of the MSSM-like model discussed in the text. The hypercharge generator

is defined as QY = 1
6Qa − 1

2Qc − 1
2Qd.

Nα Dpα D8α : (niα,m
i
α)i × (nxxα , n

xy
α , n

yx
α , n

yy
α )jk

D6α : (n1
α,m

1
α)1(n2

α,m
2
α)2(n3

α,m
3
α)3

Na = 6 + 2 D8a (1, 0)1 × (1, 3,−3,−10)23

Nb = 2 D6b (0, 1)1(1, 0)2(0,−1)3

Nc = 2 D6c (0, 1)1(0,−1)2(1, 0)3

NM = 4 D6M (−2, 1)1(−3, 1)2(−3, 1)3

NX = 2 D8X (1, 0)2 × (1, 0, 0,−2)31

NY = 2 D8Y (1, 0)3 × (1, 0, 0,−2)12

Table 6: Set of D6 and coisotropic D8-branes giving rise to the left-right symmetric MSSM-like

model in the text.

The stacks of branes a, b, c, contain the SM gauge group and particles whereas the

stacks M , X, and Y are auxiliary branes whose mission is helping in cancelling tadpoles.

In addition the D8’s X and Y also contribute to the fixing of the three untwisted Kähler

moduli Ti. Note that the coisotropic D8-branes involved in the model have induced D6-
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Intersection Matter fields Qa Qd QM

ab QL 3(3, 2, 1) 1 0 0

ac QR 3(3̄, 1, 2) -1 0 0

bd L 3(1, 2, 1) 0 -1 0

cd R 3(1, 1, 2) 0 1 0

bc H (1, 2, 2) 0 0 0

bM F 6(1, 2, 1; 2M ) 0 0 -1

cM G 6(1, 1, 2; 2M ) 0 0 -1

Table 7: Chiral spectrum of the MSSM-like left-right symmetric model discussed in the text.

charge given by a sum of two factorized cycles:

D8a : (1, 0)1 × (1, 3,−3,−10)23 = (1, 0)1 × [(3, 1)(3,−1) + (1, 0)(1, 0)]

D8X : (1, 0)2 × (1, 0, 0,−2)31 = (1, 0)2 × [(0, 1)(0,−1) + (2, 0)(1, 0)]

D8Y : (1, 0)3 × (1, 0, 0,−2)12 = (1, 0)3 × [(0, 1)(0,−1) + (2, 0)(1, 0)]

One can easily check that all RR-tadpoles cancel and that, for appropriate choices

of closed string moduli, all these branes preserve the same N=1 SUSY as the orientifold

background. The D8-branes a and d give rise to a group SU(3)c × U(1)B−L × U(1)B+L,

where the latter U(1) is anomalous and becomes massive as usual through the D = 4 Green-

Schwarz mechanism. The D6-branes b and c sit on top of the horizontal orientifold plane

and carry symplectic groups, in the case at hand one has USp(2)L×USp(2)R corresponding

to a left-right symmetric gauge group SU(2)L × SU(2)R. Finally, the D8-brane M gives

rise to an extra non-Abelian factor U(2)M .

It is easy to compute the chiral spectrum in this model and find that the chiral spectrum

with respect to the gauge group SU(3)c×SU(2)L×SU(2)R×U(1)B−L has quantum numbers

as shown in table 7, i.e. three generations of quarks and leptons. They correspond to open

strings in between the branes a, d and b, c. In addition there are exotic leptons/Higgsses

6(2M , 2L) + 6(2M , 2R) corresponding to open strings in between the brane M and b, c.

However, such exotic matter can be higgsed away by giving a vev to the symmetric or to

the antisymmetric fields charged under U(2)M , and which arise from open strings stretched

between M and its orientifold image M ′. From the field theory point of view, these vevs

trigger the gauge symmetry breaking U(2)M → SO(2)M and U(2)M → SU(2)M , respec-

tively, after which 6(2M , 2L) + 6(2M , 2R) can acquire a mass. From a geometric point of

view, such process corresponds to a D-brane recombination M + M ′ → M̃ , and one can

see that the intersection product of M̃ with the branes b and c vanishes. Finally, such

D-brane recombination occurs spontaneously in a large region of the complex structure

moduli space, as can be deduced from the FI-terms of this model.
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Notice that a, b, c, d brane structure is analogous to the MSSM-like model constructed

in [6, 7, 5]. Similar to the latter, the MSSM Higgs sector arises from the open strings

stretched between the D-branes b and c, which overlap in the first complex dimension and

hence give rise to a non-chiral sector of the spectrum. In addition to the above chiral fields,

there are further SM singlets which we do not display.

The D-term conditions give in the present example

τ2 = τ3 ; τ1τ2τ3 = 9τ1 + 6τ2 + 6τ3. (6.3)

Recall that one cannot conclude that the complex structure moduli are fixed to obey these

constraints, since a deviation from these equations give rise to a FI-terms whose contribu-

tion to the vacuum energy will be cancelled by vevs of chiral matter at the intersections. In

this case gauge symmetry breaking will take place corresponding to brane recombination,

but only some linear combinations of complex structure moduli and matter scalars are in

fact fixed. On the other hand the presence of the a, X and Y D8-branes give rise to a

superpotential of the form

WD8 = Xa
1 (1− T2T3) +XX

2 (2− T1T3) +XY
3 (2− T1T2) (6.4)

where Xa,X,Y
i are the geometric + Wilson line open string moduli. Note that for fixed

open string moduli this would fix the three untwisted Kähler moduli to the values

Re T1 = 2 ; ReT2 = ReT3 = 1 ; ImTi = 0 . (6.5)

One can play around with the magnetic fluxes to get other models with larger Kähler

moduli but recall that, unlike the case of moduli fixing through closed string fluxes, the

present models correspond to CFT’s and hence we do not need to work in the large volume

limit approximation.

7. Coisotropic branes and mirror symmetry

As emphasized at the introduction, coisotropic branes were first introduced in order to

correctly formulate Kontsevich’s Homological Mirror Symmetry conjecture. Although we

have not made use of this fact anywhere along our discussion, a natural question is how

these new type IIA vacua look upon applying mirror symmetry. In particular, if coisotropic

D8-branes in CY3’s have not been considered before and they are mapped to type IIB Dp-

branes by the mirror map, one may wonder if we have been missing any kind of D-brane

in type IIB constructions. This question is particularly meaningful in the case of simple

T6/Z2×Z2 orientifolds, where the mirror map is well understood and chiral D-brane vacua

have been constructed in both type IIA and type IIB sides.

In the following, we will answer this question for the type IIA T6/Z2 × Z2 orientifold

considered in this paper, originally introduced in terms of its type I mirror [48]. We will

see that the type I duals of a coisotropic D8-branes can either be a tilted D5-brane or a

magnetized D9-brane, the magnetic flux involved in the latter being rather exotic. Finally,

we will make use of the web of T-dualities to show that coisotropic D8-branes are also

related to a new class of special Lagrangian D6-branes in T6/Z2 × Z2, which have so far

not been considered in the construction of N = 1 chiral type IIA vacua.

– 37 –



J
H
E
P
0
9
(
2
0
0
6
)
0
8
0

y1

x2

x3

x1 y3

y2

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

x2

x3

x1 y3

y2

y1

x2

x3

x1 y2

y3

y1

Ty1

Ty2

Ty3

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	
	�	�	�	�	�	�	�	�	


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


�
�
�
�
�
�
�
�


���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

y3 y2F = d     d^ x2 x3F = d     d^

x2 x3F = d     d^

x2 x3F = d     d^y2 y3
^F = d     d

Figure 11: Mirror symmetry for the coisotropic D8-brane (7.1).

7.1 Mirror symmetry to type I

We will first illustrate how mirror symmetry works by looking at a rather simple example,

so let us consider type IIA compactified on T6 and the BPS, coisotropic D8-brane given

by

Π5 = (1, 0)1 × (T2)2 × (T2)3

F/2π = dx2 ∧ dx3 − dy2 ∧ dy3 (7.1)

also considered at the beginning of section 3. If we orientifold this theory by ΩR(−1)FL ,

withR given by (3.22), we will introduce an O6-plane on the directions {x1, x2, x3}. Hence,

in order to map this setup to type I theory compactified on T6, we need to perform three

T-dualities on the directions {y1, y2, y3}.
How the D8-brane transforms under these three T-dualities is illustrated in figure 11.

A T-duality along y1 is trivial and only maps the D8-brane to a D9-brane with the same

worldvolume flux F . In order to perform the second T-duality we conveniently relabel the

coordinates as in the figure, in order not to have components of F which mix different

T2 factors. The T-duality along y2 is then simply deduced from the usual map between

torons and branes at angles [32], obtaining a D8-brane tilted in the {y2, y3} plane. Finally,

applying the same kind of map we recover a D9-brane with worldvolume flux

F/2π = dx2 ∧ dx3 + dy2 ∧ dy3. (7.2)
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One of the advantages of this type I picture is that it is easy to work out the orientifold

image of such D-brane. Type I theory can be simply seen as type IIB modded out by the

world-sheet parity Ω, which acts in the D9-brane worldvolume flux as Ω : F → −F . Taking

the image of (7.2) and undoing the previous three T-dualities we arrive to the coisotropic

D8-brane

Π5 = (−1, 0)1 × (T2)2 × (T2)3

F/2π = −dx2 ∧ dx3 + dy2 ∧ dy3 (7.3)

in agreement with (3.23). In addition, one can understand the BPS conditions (3.7) from

this mirror picture. Indeed, in the case of type IIB compactified in a Calabi-Yau and in

the presence of O9-planes and/or O5-planes, the supersymmetry conditions for a D9-brane

read [10]

D− flatness 1
3!F3 = 1

2J
2 ∧ F

F− flatness F (0,2) = 0
(7.4)

While the D-flatness condition is trivial for (7.2), the F-flatness condition requires F to be

a (1,1)-form on the D9-brane worldvolume. It is easy to see that, if we parameterize our

complex structure moduli as dzj = dxj + itjdy
j (where tj is now a complex number), this

implies that t2 · t3 = 1, which is the mirror condition to (3.7).

Type I compactifications on magnetized tori have been considered long ago [49]. More

recently, magnetic fluxes of the form (7.2) have appeared in the context of type I theory

compactified on T6 [50, 51]. Now, if we want to describe the mirror of our type IIA

vacua on T6/Z2 × Z2 we need to consider type I theory compactified on the T6/Z2 × Z2

orbifold with opposite choice of discrete torsion, and embed our magnetized D9-brane in

such background. While it may seem that this still is a close relative of the constructions

in [50, 51], there is actually an important difference. Namely, the 2-form flux (7.2) is

cohomologically non-trivial in the case of T6, but it becomes trivial for T6/Z2 × Z2. In

particular, the orbifold group generator (3.24) acts as θ : F → −F when applied to (7.2),

so F is not even well-defined as a 2-form in T6/Z2 × Z2. Of course, this is not a problem

for our orbifold construction, because F needs to be well-defined in terms of the D9-branes,

and not in terms of the closed string background.11 On the other hand, F 2 can be seen as

a well-defined, non-trivial representative of a T6/Z2 × Z2 cohomology class.

One can get a better intuition of what these facts mean by looking at the induced D-

brane charges of our magnetized D9-brane and, in particular, by going back to the original

type IIA mirror construction. For instance, the fact that F is trivial in cohomology will

imply that the induced charge of D7-brane will vanish, and this statement is mirror to

the fact that our coisotropic D8-brane is wrapping a 5-cycle Π5 trivial in homology. More

11More precisely, for each D9-brane with worldvolume flux F we will need to add a θ-image D9-brane

with worldvolume flux −F , so that we can quotient our theory by Z2 × Z2.
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precisely,
type IIB type IIA

[F ] trivial ←→
{

[Π5] trivial

[ΠF 2

1 ] trivial

[Π6] non− trivial

[F 2] non− trivial

}
←→ [ΠF

3 ] Non− trivial

(7.5)

where Π6 is the 6-cycle wrapped by the D9-brane plus its orientifold images. To sum up,

there is a conceptual difference between embedding the worldvolume flux (7.2) in T6/Z2×Z2

with respect to T6. Such difference is the same than constructing a coisotropic D8-brane

in a homologically trivial 5-cycle of a proper CY3 rather than in T6 or in T2×K3, where

coisotropic branes were already known to exist.

For our purposes, however, the really interesting property of T6/Z2 ×Z2 with respect

to T6 or K3 is that we can construct D=4, N=1 type I string vacua. Those vacua will

contain D=4 chiral fermions if we introduce non-trivial worldvolume fluxes in our D9-

branes, even in the case of the more exotic bundles of the form (7.2). That this is the case

was proved in section 4 by means of the mirror type IIA picture, but it can also be done

directly in type I by generalizing the techniques of [52] to toroidal orbifolds. We will not

attempt to give such general description here, but rather illustrate how to construct new

D=4, N=1 chiral models in type I by describing the mirror of one of the models of the

previous section.

In particular, let us consider the MSSM-like model constructed in table 6. If we first

consider the Pati-Salam sector of the theory, i.e., branes a, b and c we see that only the

D-brane stack a changes with respect to the local model in [7]. In the type I picture, such

D8-brane becomes a stack of 10 D9-branes with worldvolume flux

Fa/2π =

(
1

10
(dx2 ∧ dx3 + dy2 ∧ dy3) +

3

10
(dx2 ∧ dy2 − dx3 ∧ dy3)

)
· 110 (7.6)

This flux will break the initial U(10) gauge group down to U(1), via non-Abelian Wilson

lines (see, e.g., [47]), so in fact we will need 4 times this D9-brane content to generate the

desired U(3) × U(1) gauge symmetry and, when embedding our model in T6/Z2 × Z2, a

total of 80 D9-branes will be needed. Incidentally, notice that in the case of (7.6) θ does

not map Fa to −Fa, but only some components get ‘projected out’. On the other hand,

F 2
a = −dx2∧dy2∧dx3∧dy3, is well-defined and implies that a D51-brane charge is induced

on the D9-brane.12 Finally, one can check that both supersymmetry conditions in (7.4)

will be satisfied once that we pick t2 · t3 = 1 and Area(T2)2 = Area(T2)3.

The SU(2)L×SU(2)R symmetry of the model arises from the D-branes b and c which,

in the type I picture, correspond to a D52 and a D53, respectively. Triplication of families

can then be understood from the fact that
∫

D52

trFa = −
∫

D53

trFa = 3 (7.7)

12Here we are using the usual model building notation, by which D5i stands for a D5-brane wrapped on

the ith complex dimension, and D7i stands for a D7-brane transverse to the same complex dimension.
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and the Higgs sector of the theory will arise from open strings stretching between D5b and

D5c, just like in [47].

The rest of the model goes as follows. The D-brane M corresponds to 4× 18 anti-D9-

branes, which are nevertheless BPS because of the worldvolume flux

FM/2π =

(
1

2
dx1 ∧ dy1 +

1

3
dx2 ∧ dy2 +

1

3
dx3 ∧ dy3)

)
· 118 (7.8)

and a certain choice of Kähler moduli. The D-branes X and Y both correspond to 2 × 2

D9-branes of the form

FX,Y /2π =

(
dxi ∧ dxj +

1

2
dyi ∧ dyj

)
· 12 (7.9)

Finally, we need to add the images of all these D-branes under Ω.

Let us also stress that coisotropic D8-branes are not always taken to magnetized D9-

branes under the mirror map. Let us consider the D8-brane

Π5 = (0, 1)1 × (T2)2 × (T2)3

F/2π = −dx2 ∧ dy3 + dx3 ∧ dy2 (7.10)

and again apply three T-dualities on the directions {y1, y2, y3}. Following the same kind

of argument than in figure 11, we obtain a D5-brane wrapping the 2-cycle

(1,−1)(x2 ,y3) × (1, 1)(x3 ,y2) (7.11)

and with vanishing worldvolume flux F . For the particular choice of complex structure

moduli t2 = t3 = 1 this becomes a holomorphic two-cycle, given by z2 = iz3, and which

is the required condition for F-flatness [10]. Unlike in the case of a D5i-brane, the holo-

morphicity of the tilted D5-brane (7.11) is non-trivial, and this eventually generates a

superpotential for the complex structure moduli. In general, one can see that (7.11) is

holomorphic whenever t2 · t3 = 1, as we would expect from the mirror BPS conditions.

7.2 Back to type IIA

An interesting property of the T6/Z2 × Z2 orientifold considered in this paper is that by

performing four T-dualities of the form {xi, yi, xj , yj} we recover the same closed string

background. This means that if we construct a BPS D-brane in T6/Z2 ×Z2 and we apply

these four T-dualities, we will obtain a new BPS D-brane in the same orientifold, although

the values of the closed string moduli may now be different.

We would like to apply this observation to the coisotropic D8-branes constructed in this

paper, in order to see if new BPS D-branes can be constructed. Let us then again consider

the BPS D8-brane (7.10) and apply four T-dualities in the coordinates {x1, y1, x2, y2}. A

similar reasoning than the one carried in figure 11 takes us to a D6-brane wrapping the

3-cycle13

Π3 = (1, 0)(x1 ,y1) × (1, 1)(x2 ,y3) × (1, 1)(x3 ,y2) (7.12)

13See [53] for a detailed discussion on similar T-duality computations.
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which, despite being a BPS D6-brane, is not one of the usual D6-branes at angles considered

in the literature. Indeed, by appropriately choosing the closed string moduli of T6/Z2 ×
Z2, (7.12) will be related to the O6-planes by means of a SU(3) rotation. Away from this

point (7.12) will no longer be a special Lagrangian, but not because it is not calibrated by

Re Ω, but instead because it is no longer a Lagrangian 3-cycle. That is, just like coisotropic

D8-branes, the D6-branes of the form (7.12) develop non-trivial F-terms via the failure of

the BPS conditions (2.2). Given the complexified Kähler form (3.3) it is easy to see that

the F-flatness condition is satisfied whenever the untwisted Kähler moduli satisfy T2 = T3.

Notice that, unlike the case of coisotropic D8-branes, this is compatible with the limit

where all Kähler moduli are arbitrarily large.

Notice that (7.12) by itself is not well-defined in T6/Z2 × Z2, but that we need to

include its image under θ in order to have an invariant object under the orbifold group.

The image 3-cycle is given by

θ(Π3) = (1, 0)(x1 ,y1) × (1,−1)(x2 ,y3) × (1,−1)(x3 ,y2) (7.13)

which will be a special Lagrangian if (7.12) is. Of course, when embedded in T6/Z2 ×
Z2, (7.12) and (7.13) should be thought of 3-cycles on the covering space T2×K3. In any

case, one can see that the homology class of the union of both 3-cycles is given by

[Π3 ∪ θ(Π3)] = [(1, 0)1]⊗ [(1, 0)2(1, 0)3 + (0, 1)3(0, 1)2]

= [(1, 0)1]⊗ [(1, 0)2(1, 0)3 + (0, 1)2(0,−1)3] (7.14)

which is exactly the D6-brane charge carried by the coisotropic D8-brane (7.1). Notice that

both D-branes (7.1) and (7.12) are mutually BPS only for the particular choice of Kähler

moduli T2 = T3 = 1.

To sum up, by applying four T-dualities on a coisotropic D8-brane we have found a

new class of special Lagrangian D6-branes, whose ‘special’ condition is always satisfied but

its Lagrangian condition is not. This is quite remarkable, given the fact that we usually

encounter the opposite behavior for D6-branes intersecting at angles. Just like in the case

of coisotropic D8-branes, this exotic D6-brane carries a D6-brane charge which is a sum

of two factorizable 3-cycles (i.e., those of the form (n1,m1)1× (n2,m2)2× (n3,m3)3) while

nevertheless being an exact CFT boundary state. It is clear that one can construct many

more D6-branes of this kind, so it would be interesting to see which new model building

possibilities are opened up by the existence of these less conventional D6-branes.

8. Conclusions and outlook

Type IIA D=4 chiral vacua constructed up to now have been mostly based on intersecting

D6-branes wrapping special Lagrangian 3-cycles. In this paper we have argued that in

type IIA Calabi-Yau orientifolds there are other BPS objects, namely D8-branes wrapping

coisotropic 5-cycles, which have so far been neglected and which seem to have interesting

model-building features. These branes wrap 5-cycles in the CY3 which are trivial in homol-

ogy, but still are stable BPS objects due to the D6-brane charge induced by magnetic fluxes
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on their worldvolume. At the intersection of a D8 with another D8 or a D6 chiral fermions

appear, chirality being generated by a combination of intersecting/magnetized brane mech-

anisms. Obviously, this new way of creating D=4 chirality makes coisotropic D8-branes

an interesting tool for constructing new phenomenologically relevant string vacua.

We have analyzed in detail the case where our CY3 is given by a Z2 × Z2 type IIA

orientifold. We have worked out the chiral spectrum and effective action (gauge kinetic

function, scalar potential, FI-terms, U(1) anomaly cancellation) for sets of coisotropic

D8-branes and additional D6-branes in this background, and we have also studied the

general form of Yukawa couplings among chiral fields. These couplings are generated by

a combination of wave-function overlapping (à la Kaluza-Klein) and world-sheet instanton

contributions, which might furnish new possibilities for the flavor dependence of Yukawa

couplings in realistic compactifications. Thus, it would clearly be interesting to make a

general exploration of patterns of Yukawa couplings in realistic models including coisotropic

D8-branes. Another interesting feature of the D8-branes in this orientifold is that they

carry a D6-brane charge which is not of the factorized form (3-cycle) = (1-cycle) × (1-cycle)

× (1-cycle) in the underlying T2 × T2 × T2. This opens new model-building possibilities

not available to standard factorized D6-branes in this orientifold.

The presence of coisotropic D8-branes leads to superpotential couplings linear in open

string moduli Xi and bilinear in untwisted Kähler moduli of the general form Xi(TjTk −
n). These couplings could be useful in order to fix Kähler moduli in specific models.

In fact in the above orientifold model one could think that adding an appropriate set

of coisotropic D8-branes one can actually fix all untwisted Kähler moduli. One must be

careful, though, since in general there may be additional couplings ofXi to other open string

moduli and the minimum of the potential could only fix a linear combination of Kähler

and open string moduli, rather than just fixing the Kähler moduli. This is reminiscent

of what happens with D-terms from D6-branes (and also D8-branes) which do not fix

the complex structure moduli but rather a linear combination of those and charged chiral

scalars. On the other hand it is clear that in the presence of other sources of moduli

superpotentials (like e.g. closed string RR and/or NS fluxes) the existence of these D8-

brane-induced superpotentials could be quite useful in the general moduli stabilization

program. In this connection it would be interesting to study the effect of RR fluxes,

which are known to lead to additional Kähler-moduli dependent superpotentials, in models

with coisotropic D8-branes. In a more speculative mode, other possible use of these D8-

branes could be to help in supersymmetry breaking and the up-lifting of the AdS vacua.

Indeed, the Kähler moduli-dependent superpotential induced by D8-branes are reminiscent

of O’Rafertaigh superpotentials. An appropriate combination of D8-branes could thus help

in the generation of a (possibly metastable) SUSY-breaking vacuum. This possibility should

be worth studying.

We have also found that the coisotropic D8-branes that we construct in the Z2 × Z2

orientifold have well defined type I T-duals. They correspond either to certain tilted D5-

branes or D9-branes with off-diagonal fluxes. One could also T-dualize to the case of type

IIB with O3/O7-planes. This could be interesting in order to make contact with the kind

of models with closed string RR and NS fluxes which have been considered in order to
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fix all moduli in IIB orientifolds. On the other hand we have found that four T-dualities

convert certain coisotropic D8-branes into a new class of BPS D6-branes not previously

considered in the model-building literature. Interestingly enough, unlike the standard

factorized D6-branes considered up to now, these D6-branes give rise to non-trivial F-term

conditions of the type Ti = Tj in these orientifolds and have also non-factorized RR D6-

charge. Consideration of this new class of D6-branes could also be interesting from the

model-building point of view and is at present under study.

As an illustration of the model-building properties of coisotropic D8-branes we have

presented two examples with a chiral spectrum very close to that of the MSSM, which are

phenomenologically interesting in their own right. In the first model the MSSM branes

are made of D6-branes and a stack of D8-branes helps in cancelling all RR tadpoles in a

more efficient way that D6-branes would do. The second example provided is a D8-brane

relative of the left-right symmetric D6-brane model constructed in [6, 7, 5]. A general

statistical analysis of how easy it is to find consistent models of this second type and

how many have an MSSM-like spectrum in the present Z2 × Z2 orientifold constructions

was performed in [54], and more recently in [55]. It is clear that if we take into account

the freedom of adding coisotropic D8-branes in these constructions new possibilities (like

the two MSSM-like examples discussed in this paper) will appear. Thus, presumably the

landscape of MSSM-like models within the T6/Z2 × Z2 orientifold will be wider than we

previously thought.
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A. Formal definition of coisotropic branes

For completeness, in this appendix we state the formal definition of coisotropic A-brane,

as originally described by Kapustin and Orlov. Our intention is not to give a full report

on this subject, but rather to provide the basic definitions that connect our results with

the topological A-brane literature. For a more detailed discussion we refer the reader to

the original reference [8] and related literature [56, 19, 57, 15].

Let us consider a symplectic manifold M, so that it contains a globally well-defined,

non-degenerate, closed two-form J . Given a vector field X onM we can map it to a 1-form

ξX by the usual contraction of indices

ξX = ιXJ (A.1)
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and, because of the properties of J , this map is an isomorphism. This means that we can

define an inverse, J−1, which maps 1-forms to vectors and, in general, covariant indices to

contravariant indices.

Let us now consider a submanifold N ⊂M and define

AnnTN = {ξ ∈ T ∗M | ξρXρ = 0, ∀X ∈ TN } (A.2)

where TN is the tangent bundle of N . We then have the following definitions:

• If J takes TN inside Ann TN ⇒ N is an isotropic submanifold

• If J−1 takes Ann TN inside TN ⇒ N is a coisotropic submanifold

• If both conditions are satisfied ⇒ N is a Lagrangian submanifold

One can easily apply these conditions to the examples of coisotropic submanifolds given

in the main text. If, for instance, we consider the D8-brane (3.5) then one has

Π5 = (1, 0)1 × (T2)2 × (T2)3

TΠ5 = 〈X1, X2, Y 2, X3, Y 3〉
AnnTΠ5 = 〈dy1〉

(A.3)

and so, because J is given by (3.3), J(AnnTΠ5) = 〈X1〉 ⊂ TΠ5 and so the manifold is

coisotropic. Notice that embedding Π5 in T6/Z2 × Z2 does not change this conclusion.

While the definitions above are rather simple, in order to describe a coisotropic A-brane

it is more convenient to use an alternative, equivalent definition of coisotropic submanifold.

Let us first define the symplectic orthogonal bundle of N as

(TN )J = {Y ∈ TM | Y ρJρσX
σ = 0, ∀X ∈ TN } (A.4)

and then define a coisotropic submanifold whenever (TN )J ⊆ TN . Because J is non-

degenerate, this inclusion can only be an equality when N is middle-dimensional with

respect to M, and in that case we are dealing with a Lagrangian submanifold. For the

same reason, we can define the quotient bundle TN /(TN )J . In our example above, it is

easy to see that (TN )J = 〈X1〉, and hence TN /(TN )J = T(T2)2×(T2)3
.

While the first supersymmetry condition for an A-brane is that it wraps a coisotropic

submanifold, the other two involve the worldvolume flux F and they read:

• F has no components on (TN )J , so it can be defined as a 2-form living in TN /(TN )J

• J−1F defines a complex structure on TN /(TN )J

Finally, from these conditions one can show that TN /(TN )J has even complex dimension,

and that if dim (M) = 2n, then dim (N ) = n+ 2k, k ∈ N.

Let us check that those conditions are also satisfied for our canonical example (3.5). It

is clear that F = B|Π5 + 2πα′F has no components on (TΠ5)J , so it only remains to check
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that J−1F is a complex structure in TN /(TN )J = T(T2)2×(T2)3
. Applying the definitions

above we have that

J−1F =




− ImT2
ReT2

0 0 − 1
ReT2

0 − ImT2
Re T2

− 1
ReT2

0

0 − 1
ReT3

− ImT3
ReT3

0

− 1
ReT3

0 0 − ImT3
Re T3


 (A.5)

and so it is easy to see that (J−1F)2 = −14 if and only if ImT2T3 = 0 and Re T2T3 = 1,

which is precisely the F-flatness condition in (3.6).
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